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CHAPTER 1 

INTRODUCTION 

Confined j e t  mix ing   occu r s   i n  many d e v i c e s   o f   p r a c t i c a l  

in terest ,  such as  t h e  j e t  pump o r   a i r - t o - a i r   e j e c t o r ,   c o m p o s i t e  

propuls ion  systems as t h e   a i r  augmented   rocke t ,   d i f fus ion   f lames  

in   duc ted   fu rnaces ,   gaseous   co re   r eac to r s   fo r   nuc lea r   rocke t  

eng ines   and   s eve ra l   f l u id i c   dev ices .  The  flow phenomenon i n  

such s y s t e m s  may be  Laminar o r   t u rbu len t ,   depend ing   on   t he  

va lues  o f  the  parameters   of   the   system.  The  parameters   of  

s i g n i f i c a n c e   i n   t h i s   a s p e c t   a r e   t h e   r a t i o s   o f   t h e   i n i t i a l  

v e l o c i t i e s ,   d e n s i t i e s  and r a d i i   o f   t h e  two s t r eams   a s  w e l l  a s  

their   Reynolds  numbers.   The  laminar  case  has  been  analysed  in 

Reference 1; t h e   e f f e c t  of t u rbu lence   i n   con f ined  j e t  mixing 

f lows i s  c o n s i d e r e d   h e r e   i n   t h e   p r e s e n t   r e p o r t .  

The p resen t   s tudy  i s  d i rec ted   towards   the   f low phenomenon 

occur r ing   i n   gas -co re   rocke t   eng ines .   The re fo re ,   t he  s y s t e m  con- 

s i d e r e d   c o n s i s t s   o f  a c e n t r a l  j e t  of a slow-moving  heavy  gas  and 

a cof lowing   annular  stream of a f a s t -mov ing   l i gh t   gas .   F igu re  1 

i l l u s t r a t e s   t h e   b e h a v i o r   o f   s u c h  a j e t  stream i n  an axisymmetric 

duc t  of  c i r c u l a r   c r o s s - s e c t i o n . .   E s s e n t i a l l y ,  two i d e a l i z e d  

r e g i o n s  of flow may b e   i d e n t i f i e d .  

1 
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The f i r s t   r e g i o n   e x t e n d s  up to   the  downstream  posi t ion  where 

t h e   i n n e r  je t  f l u i d  mass f r a c t i o n  at t h e  wal l  f i r s t   r e a c h e s  a smal l   p re-  

s c r ibed   va lue ,   Th i s   va lue  was c h o s e n   a r b i t r a r i l y  as 2% of   t he  

ent.rance mass f r a c t i o n  LU of t h e   i n n e r  j e t  a The  flow phenomenon 

i n   t h i s   r e g i o n  i s  highly  complex.  For a shor t   d i s tance   downst ream 

of t h e   e n t r a n c e   s e c t i o n ,   t h e r e   e x i s t s  a cen t r a l   co re ,   t e rmed   t he  

1 

II p o t e n t i a l   c o r e , "   w h e r e i n   t h e   c e n t e r l i n e   v e l o c i t y   o r   t h e   c e n t e r l i n e  

mass f r a c t i o n  o r  both   have   undergone   no   s ign i f icant   deple t ion .  

S e p a r a t e d   f r c m   t h i s   p o t e n t i a l   z o n e   i n   t h e   r a d i a l   d i r e c t i o n  by a t h i n  

s h e a r   l a y e r ,   t h e r e   a l s o   e x i s t s  a p o t e n t i a l   z o n e   i n   t h e   o u t e r   s t r e a m  

f low.   La rge   ve loc i ty   and   dens i ty   g rad ien t s   p reva i l   i n   t he   i n t e r -  

media te   shear   l ayer .  The t h i c k n e s s   o f   t h i s   s h e a r   l a y e r   i n c r e a s e s  

w i t h  d i s tance   downst ream  and   qu ick ly   e rases  a l l  o f   t h e   p o t e n t i a l  

flow  zone of t h e  low , v e l o c i t y   c e n t r a l  j e t .  The o u t e r   p o t e n t i a l  

zone i s  bounded  by  the  boundary  layer a t  t h e  wal l .  When the   ou te r  

s t ream i s  f a s t e r   t h a n   t h e   i n n e r ,   t h e   o u t e r   p o t e n t i a l   z o n e   e x t e n d s  

fur ther   downst ream  than   the   cen t ra l   po ten t ia l   zone .  Beyond t h e  

end o f  t h e   o u t e r   p o t e n t i a l   c o r e ,   t h e   m i x i n g  phenomenon is  f u r t h e r  

compl i ca t ed   due   t o   t he   i n t e rac t ion   o f   t he  wall boundary  layer   with 

t:he i n u c r   j e t  

>k 

>k The p o t e n t i a l   c o r e   f o r   v e I . o c i t y  may be   de f ined  as t h e   r e g i o n  
w h e i e   t h e   a x i a l   v e l o c i t y   h a s   c h a n g e d  by less than 0.05 (U - U1) 
frolrl i t s  va lue  a t  t h e   e n t r a n c e   s e c t i o n .  

T h e   p o t e n t i a l   c o r e  for mass f r a c t i o n  may be   de f ined  as t h e  
reg ion   where   the  mass f r ac t ion   has   changed  by less than  5% of  i t s  
v a l u e  aE t h e   e n t r a n c e   s e c t i o n ,  

2 

3 



Region 1 i s  o f t e n   r e f e r r e d   t o   a s   t h e   i n i t i a l   r e g i o n .   I n   t h i s  

i n i t i a l   r e g i o n ,   t h e   f a s t  moving s t r e a m   e n t r a i n s   f l u i d  from t h e  slow 

moving stream and r e c i r c u l a t i o n  phenomena occur   i f   the   en t ra inment  

capac i ty   o f   t he   h igh   ve loc i ty  stream exceeds  the amount o f   f l u i d  

suppl ied by t h e  low veloci ty   s t ream. The in t e re s t   o f   t he   p re sen t  

work l ies i n   t h e   i n i t i a l   r e g i o n   f o r   c a s e s  where   rec i rcu la t ion  i s  absent.  

In   the  second  region,   mixing and shear  f low occupy t h e  e n t i r e  

cross-sect ion  of   the  duct .   This   region i s  f r e q u e n t l y   r e f e r r e d   t o   a s  

t h e  main reg ion .  

A su rvey   o f   t he   pe r t inen t   l i t e r a tu re  was ca r r i ed   ou t  and i s  

presented   in   the   next   sec t ion .  It  w i l l  be   seen  f rom  this   survey  that  

turbulent  confined  mixing  has  been  studied  for  incompressible  as well 

as   compressible   cases ,   but  most  of t h e   i n v e s t i g a t i o n s   a r e   l i m i t e d   t o  

conf igura t ions   wi th   the   inner  j e t  v e l o c i t i e s  much grea te r   than   the  

ou te r   s t r eam  ve loc i t i e s  and the   inner  j e t  radius   very  small   as  com- 

pared to   the   conf in ing   tube   rad ius .   For   such   conf igura t ions ,   the  

e f fec t   o f   the   conf in ing   wal l  i s  ins igni f icant   in   the   near   reg ion   and ,  

when r e c i r c u l a t i o n  i s  absent ,   the   f low phenomenon here  i s  s i m i l a r   t o  

t he   ca ses  of t h e   f r e e  j e t  i n  a moving secondary  stream. On the   o the r  

hand, i n   t he   con f igu ra t ions  of  p re sen t   i n t e re s t ,   t he   ou te r   s t r eam is 

much f a s t e r   t h a n   t h e   c e n t r a l   j e t  and t h e   r a d i u s   r a t i o  i s  such   as   to  

induce  prominent  effect   due  to  the  presence  of  the  confining  wall .  

S i g n i f i c a n t   d e n s i t y   v a r i a t i o n s   a r e   a l s o   p r e s e n t .  Only the   exper i -  

ments  of  Leithem,  Kulik and Weinstein come i n   t h i s   c a t e g o r y  and t h e i r  2 'k 

r ecen t   da t a   a r e   u t i l i zed   i n   t he   p re sen t   ana ly t i ca l   i nves t lgn t ion  of  

turbulent  confined j e t  mixing. 

* Superscripts  denote  References.  
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1.1 _Literature   Survey 

The   ana lyses   ava i l ab le   fo r   con f ined   t u rbu len t  je t  mixing 

involve  several s impl i fy ing   assumpt ions ,   and   in tegra l   t echniques  

a r e   u s e d   i n   g e n e r a l   t o   o b t a i n   t h e   s o l u t i o n s .   I n  most  of  these 

a n a l y s e s ,   t h e   v e l o c i t y  v and t h e   s h e a r  stress T were assumed 

t o  o b e y   s i m i l a r i t y  laws, so th ’a t   express ions   for   the   eddy  v i scos i ty  

z 

% and t h e   e d d y   d i f f u s i v i t y  em were not  needed.  In  1955,  Craya 

and Cur te t3   es tab l i shed   an   approximate   theory   for   conf ined  je t  mix- 

ing of   s t reams  of   ident ical   composi t ion.   This   theory was f u r t h e r  

developed  by C ~ r t e t ~ ’ ~  and was f o l l o w e d   b y   a d d i t i o n a l   t h e o r e t i c a l  

and   exper imenta l   s tud ies  by Curtet  and  Ricou6  and  Curtet  and 

Barch i lon .   The   t heo re t i ca l   ana lys i s  was based  on  the  assumptions 7 

of   ze ro   r ad ia l   p re s su re   g rad ien t ,   un i fo rm  and   non- tu rbu len t   ax i a l  

v e l o c i t y   o u t s i d e   t h e   m i x i n g   r e g i o n ,  and s i m i l a r i t y   o f   t h e  axial 

ve loc i ty   p ro f i l e s   i n s ide   t he   mix ing   r eg ion .   Expe r imen ta l   obse r -  

v a t i o n s   l e d   t o   t h e   a s s u m p t i o n   o f  similar G a u s s i a n   v e l o c i t y   p r o f i l e s  

in   the  developing  region.   Using  these  assumptione,   the   governing 

d i f f e r e n t i a l   e q u a t i o n s   w e r e   i n t e g r a t e d   b y  a momentum i n t e g r a l  

t e c h n i q u e .   T h i s   a p p r o x i m a t e   a n a l y s i s   r e s u l t e d  i n  a s i m i l i t u d e  

p a r a m e t e r   r e f e r r e d   t o  as t h e  Cur te t  number Ct* by  Becker e t  al. 8 

* 

ct 
P 



. This   parameter  is  i n   ' f a c t   a n   e x p r e s s i o n   r e l a t i n g   t h e   n o z z l e   a n d   t h e  

d u c t   r a d i i   a n d   t h e   p r i m a r y  and the   s econda ry   f , l ows   a t   i n l e t ,  and 

remains   a lmost   cons tan t   for   the  j e t  mixing  f low.  This  parameter was 

c l a i m e d   t o   p l a y   a n   e s s e n t i a l   r o l e   i n   t h e   p h y s i c s   o f   c o n f i n e d  j e t  mixing 

and it  was p roposed   t ha t   i f   t he   p r imary  j e t  were rep laced  by an   idea l -  

i zed   po in t   sou rce ,   t hen   t he   s imi l i t ude   pa rame te r   a lone  would  govern  the 

mix ing   i n   t he   duc t .  However, t h i s   t h e o r e t i c a l   a n a l y s i s   l o s e s   a l l  

p h y s i c a l   s i g n i f i c a n c e   i n   t h e   p r e s e n c e   o f   r e c i r c u l a t i o n   w h i c h  was 

o b s e r v e d   t o   o c c u r   i n   t h e   i n i t i a l   r e g i o n   o f   t h e   s e c o n d a r y   s t r e a m  when 

t h e   o u t e r   s t r e a m   v e l o c i t y  w a s  decreased  below a c e r t a i n  low v a l u e ,  

keeping  the  inner  stream ve loc i ty   app rox ima te ly   cons t an t .   Fu r the r  

experiments   were  conducted  in   order   to   improve  the  assumptions made 

in   the   approximate   theory  and thereby   ex tend  i t s  a p p l i c a b i l i t y   t o   t h e  

reg ion   downst ream  of   the   rec i rcu la t ion   eddy  in   the   conf ined  j e t  mixing 

flow.  These  experiments made i t  p o s s i b l e   t o   c h a r a c t e r i z e   t h e  mean 

s t r u c t u r e  of t h e   r e c i r c u l a t i o n  eddy i n  terms of t h e   s i m i l i t u d e   p a r a -  

meter  The  assumptions  of  absence  of  drag a t   t h e   c o n f i n i n g   w a l l  

a n d   u n i d i r e c t i o n a l   f l o w   i n   t h e   i n i t i a l   r e g i o n  of the  secondary  s t ream 

were s t i l l  used,  so t h a t   t h e   r e s u l t s   a r e   y e t   o n l y   a p p r o x i m a t e .  

c t*  

I n  1965, H i l l g J 1 '  c a r r i e d   o u t   a n a l y t i c a l   s t u d i e s  of an  isothermal  

homogeneous conf ined  j e t  mix ing   sys t em  in   o rde r   t o   p red ic t   t he  mean 

v e l o c i ' t y   f i e l d  in t h e   f l o w .   I n   t h i s   a n a l y s i s   a l s o ,  an i n t e g r a l   t e c h -  

nique was used   and   the   shear   in tegra ls   were   eva lua ted   us ing   f ree  j e t  

d a t a .  A po ten t i a l   un i fo rm  s t r eam was  assumed t o   e x t e n d  up t o   t h e  

conf in ing  wall i n   t h e   n e a r   r e g i o n   w h e r e   t h e   c e n t r a l   j e t   d i d   n o t   y e t  

r each   t he  wall. T h i s  i m p l i e s  t h a t ,  a t  t h e  wal l ,  t h e   s h e a r   s t r e s s  and 
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the   boundary  layer  were assumed n e g l i g i b l e ,   i . e . , t h e   e f f e c t s   o f  a 

conf in ing  w a l l  were n o t   s i g n i f i c a n t l y   t a k e n   i n t o   c o n s i d e r a t i o n .  

Approximate  self-preservat ion  of   the j e t  f l o w   i n   t h e   n e a r   r e g i o n  

was assumed f o r  cases where   t he   j e t   ve loc i ty   exceeded   t ha t   o f   t he  

o u t e r  stream. It was f e l t   t h a t   t h e   p r i m a r y  j e t  p o t e n t i a l   c o r e   c o u l d   b e  

conceptua l ly   rep laced   by  a po in t   sou rce   w i th  a v i r t u a l   o r i g i n   l o c a t e d  

approx ima te ly   i n   t he   nozz le  exi t  p l ane .   Fo r   ca ses   w i th   r ec i r cu la t ion ,  

t h e   s t a t i c   p r e s s u r e  was assumed c o n s t a n t   e v e n   i n   t h e   r e c i r c u l a t i o n  

r eg ion ,  so t h a t   t h e   f l o w   e x t e r n a l   t o   t h e   i n n e r  j e t  w a s  uniform  even 

when the   f l ow  the re  w a s  revers ing .   This   enabled  t o  r e t a i n   t h e  

r e l a t i o n   b e t w e e n   t h e   p r e s s u r e   g r a d i e n t  and t h e   v e l o c i t y   g r a d i e n t   i n  

t h e   r e c i r c u l a t i o n   r e g i o n .   T h i s   a p p r o x i m a t e   a n a l y s i s   l e d   t o   t h e  formu- 

l a t i o n   o f  a momentum p a r a m e t e r ,   r e f e r r e d   t o  l a te r  by  Exley’l as the  

H i l l  parameter H *, which   cha rac t e r i zed   t he   f l ow  in  terms of s p e c i f i e d  

i n i t i a l   c o n d i t i o n s .  It w a s  pointed  out ,   however ,   that   the   assumptions 

made i n   t h e   r e c i r c u l a t i o n   r e g i o n  were inadequate .  

P 

* 
2 

”’+ [> ]  
u1 H =  

P [ [ y 2 + 2 [ l + 2 y [ > ]  2 ] 112 
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Exley"  and  Becker e t  a18 s tud ied   conf ined  je t  mixing 

a n a l y t i c a l l y  as w e l l  as expe r imen ta l ly ,   bu t   t hese   s tud ie s   were  

d i r ec t ed   t owards   i nves t iga t ion   o f   t he   s epa ra t ion  and r e c i r c u l a t i o n  

phenomena occur r ing   i n   such   f l ows .   Ex ley   ca r r i ed   ou t  a d e t a i l e d  

s tudy   o f   t he   Cur t e t  number and t h e  H i l l  parameter  and  suggested 

t h a t ,  when t h e   p o t e n t i a l   c o r e   d i s a p p e a r s   b e f o r e   t h e  j e t  spreads  

to   the   boundary   l ayer  a t  t h e  wall ,  t h e   C u r t e t  number  and t h e  H i l l  

p a r a m e t e r   a d e q u a t e l y   p r e d i c t   t h e   c h a r a c t e r i s t i c s   o f   t h e   f l o w   i n  

terms o f   spec i f i ed   i n l e t   cond i t ions .   The   ana lys i s   sugges t ed  by 

Becker e t  a18 i s  similar t o   t h a t   o f   C u r t e t  and t h e   r e s u l t s  are 

p r e s e n t e d   i n  terms o f   t h e   C u r t e t  parameter. The   exper imenta l   da ta  

of  Becker e t  a1 showed t h a t   t h e   f l o w   p a t t e r n   o f  a conf ined   t u rbu len t  

j e t  can   d i f f e r   p ro found ly   f rom  tha t   o f  a f r e e  je t ,  e s p e c i a l l y   i n  

r e g i o n s   o f   t h e   l a r g e   r e c i r c u l a t i o n   w h i c h   o c c u r s   u n d e r   t h e   o p e r a t i n g  

condi t ions   o f  many i n d u s t r i a l   f u r n a c e s .  

Dealy l2'I3 s t u d i e d   t h e   e f f e c t s   o f   c o n d i t i o n s  a t  t h e   i n l e t  on 

the   f low phenomena i n  a conf ined  j e t  mixing  system.  Dealy  concluded 

t h a t ,   f o r   s y s t e m s   w i t h  low j e t - t o - c o n f i n i n g   t u b e   r a d i u s   r a t i o ,   t h e  

f l o w   i n   t h e   n e a r   r e g i o n  i s  indeed   independent   o f   the   na ture   o f   the  

j e t  s o u r c e ,   h a s   s i m i l a r   v e l o c i t y   p r o f i l e s  and i s  amenable t o   a n a l y s i s  

by t h e  common  momentum i n t e g r a l   t e c h n i q u e .   B u t   f o r   l a r g e   j e t - t o -  

c o n f i n i n g   t u b e   r a d i u s   r a t i o s ,   t h e   m i x i n g  mechani.sm was found t o   b e  

dependent   s t rongly  OR t h e   f l o w   c o n d i t i o n s   i n   t h e   j e t   s t r e a m .   T h i s  

l e d   t o   t h e   f o l l o w i n g   u s e f u l   c o n c l u s i o n   r e g a r d i n g   C u r t e t ' s   a n a l y s i s .  

I n   C u r t e t ' s   a n a l y s i s ,   p o t e n t i a l   f l o w  w a s  assumed t o   e x i s t   n e a r   t h e  
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t u r b u l e n t   e f f l u x   f r o m  a long  tube.   Hence,   Curtet ' s   analysis  may n o t  

e f f e c t i v e l y   p r e d i c t   t h e   c h a r a c t e r i s t i c s  o f   t he   f l ow  in   con f ined  j e t  

s y s t e m s   w i t h   l a r g e   r a d i u s   r a t i o s  R /R fo r   wh ich   Dea ly ' s   expe r i -  1 
ments   p red ic t   dependence   o f   t he   f l ow  cha rac t e r i s t i c s  on t h e .   i n l e t  

condi t ions .   Fur ther   exper iments   by   Dealy   a l so  showed t h a t ,   f o r  

fu l ly   deve loped   t u rbu len t   f l ow a t  t h e  j e t  sou rce ,   t he   f l ow  in   t he  

nea r   r eg ion  i s  p r i m a r i l y  a f u n c t i o n   o f   t h e  jet  Reynolds  number. 

A l s o ,   t h i s   f l o w   d e v e l o p s  more r a p i d l y   b e c a u s e   o f   l a r g e r   t u r b u l e n t  

s t r e s s e s   t h a n   f o r   t h e  case co r re spond ing   t o  a uniform  flow a t  t h e  

j e t  source.  

T rapan i14   ca r r i ed   ou t  an expe r imen ta l   s tudy   o f   t u rbu len t  

j e t s   w i t h   s o l i d   b o u n d a r i e s   i n   t h e   t r a n s v e r s e   d i r e c t i o n ,   i n   o r d e r  

t o   i n v e s t i g a t e   t h e i r   a p p l i c a t i o n   i n   c e r t a i n   f l u i d i c   d e v i c e s .  

Compar i son   w i th   t he   f l ow  cha rac t e r i s t i c s   o f  a two-dimensional   tur-  

b u l e n t   f r e e  j e t  showed t h a t   t h e   p r e s e n c e   o f   s o l i d   t r a n s v e r s e  boun- 

d a r i e s   d e f i n i t e l y   a l t e r s   t h e   b e h a v i o r   o f   t h e   f l o w .   T h e  bounded 

j e t  (i.e., t h e  j e t  bounded  by plates above  and  below) w a s  s e e n   t o  

spread less r a p i d l y   t h a n   t h e   f r e e  j e t ,  On the   o ther   hand ,   the  

conf ined  j e t  ( i , e . , t h e  j e t  enclosed  on  the  top,   bot tom  and  the 

s i d e s )  was obse rved   t o   sp read  more r a p i d l y   t h a n   t h e   f r e e  j e t ;  

t h i s   e f f e c t  w a s  a t t r i bu ted   t o   t he   deve lopmen t   o f   an   adve r se  ax ia l  

p r e s s u r e   g r a d i e n t   i n   t h e   c o n f i n e d  j e t  flow. 

One of   the  few  works  on  confined  turbulent   mixing  with  radius  

r a t i o  R /R as l a r g e  as 0,26 is due t o   M i k h a i l 1 5  who performed  ex- 

pe r imen ta l  as w e l l  as t h e o r e t i c a l   a n a l y s e s   f o r   i n c o m p r e s s i b l e  
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i so thermal   s t reams of i d e n t i c a l   c o m p o s i t i o n .  However,  even f o r  

t h i s   r a d i u s   r a t i o , ' t h e   s h e a r  stress a t   t h e  wal l  was n e g l e c t e d .  

An i n t e g r a l  method  was  used t o   a n a l y s e   t h e  low  speed  f low  in a 

c o n s t a n t   a r e a  je t  pump. The n o n - d i m e n s i o n a l   v e l o c i t y   p r o f i l e s  

were assum.ed t o  be   s im. i la r  in t h e   e n t i r e   m i x i n g   r e g i o n   a n d  .were 

r ep resen ted   by  a c .os ine   func t ion ,   Exper iments   conf i rmed  the  

e x i s t e n c e  of s i m i l a r i t y   i n   t h e  main r e g i o n  ( t h e   r e g i o n s  a s  

def ined  in F i g .  1 ) and i t  was c o n c l u d e d   t h a t   t h e   a n a l y s i s  

adequa te ly   p red ic t s   t he   g ros s   behav io r   o f   t he   mix ing   r eg ion .  

An e x t e n s i v e   s t u d y  of t he   duc ted   t u rbu len t   mix ing   p rocess  

1.6> 17,18,19 f o r   s u p e r s o n i c  flows was c a r r i e d   o u t   b y   P e t e r s  e t  a l .  

expe r imen ta l ly   a s  w e l l  a s   a n a l y t i c a l 1 . y .   T h e   e x p e r i m e n t a l   r e s u l t s  

a r e   p r e s e n t e d  for  a rocket-air   mixing  system  which is  t y p i c a l   o f  

t .he  air-augment  ed  rocket An i n t e g r a l   t h e o r y  f o r  the  ducte .d  flow 

i s  p resen ted   fo r   a rb i t r a ry   ax i symmet r i c   duc t   geomet ry   and   €o r   e i t he r  

f rozen   o r   equ i l ib r ium  chemis t ry  i n  t h e  mixing  zone.  The  usual 

boundary  layer  approximations were assum.ed t o   b e   a p p l i c a b l e   i n   t h e  

mixing  layer  which was t r e a t e d   a s   f u l l y   t u r b u l e n t .  A t  i n i t i a t i o n  

of mixing.  the  boun.dary  layer was cons idered   neg1 , ig ib le   as  were t h e  

v i s c o u s   e f f e c . t s   a t   t h e   d u c t   w a l l .   T h u s , .   t h e   i n v i s c i d   p o r t i o n  of 

t he   ou te r   s t r eam was one-dimensional .   and  isentropic ,   whi le   the 

i n v i s c i d   p o r t  ion  of the   p r imary  j e t  was a l s o   i s e n t r o p i c  e The 

v e l o c i t y   p r o f i l e s  i n  the   tu rbulen t   mix ing   zone  were assumed t o  be 

s i m i l a r  and  were  represented by a c o s i n e   f u n c t i o n ,  The t u r b u l e n t  

shear  stress i n  t h i s   v a r i a b l e   d e n s i t y   m i x i n g   l a y e r  was t r e a t e d  by 
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t h e   u s e   o f  a m o d i f i e d   P r a n d t l   e d d y   v i s c o s i t y  model.  The tree 

m i x i n g   c o n c e p t   o f   s h e a r   a n d   t h e   v e l o c i t y   p r o f i l e   s i m i l a r i t y  were 

assumed t o  b e   a p p l i c a b l e  in  t h e   m a i n   r e g i o n   a l s o   ( r e g i o n s  as 

d e f i n e d   i n   F i g .  1). The   t u rbu len t   P rand t l  and Lewis  numbers  of 

u n i t y  were u s e d   i n   t h e   a n a l y s i s .  From t h e   r e s u l t s  of a n a l y s i s  

and  experiment; it w a s  conc luded   t ha t ,   wh i l e   t he   cu r ren t  know- 

l edge   abou t   t u rbu len t   f l ows   w i th   chemica l   r eac t ion  i s  meager,   the 

i n t e g r a l  method developed   permi ts   reasonably   accura te   computa t ions  

of   the  f low  in   complex  mixing  systems  such as a i r - a i r   e j e c t o r s  and 

air-augmented  rockets .  

Emmons2' a l so   deve loped   an   ana lys i s   fo r   p red ic t ing   t he   f l ow 

c h a r a c t e r i s t i c s   i n   t h e   m i x i n g   r e g i o n   o f  a p a r t i c l e - l a d e n   t u r b u l e n t  

rocke t   exhaus t   and   the   sur rounding  air stream (the  a i r -augmented 

rocke t ) .   Neglec t ing   the   boundary   l ayer  a t  t h e   c o n f i n i n g  wall, t h e  

turbulen t   boundary   l ayer   equa t ions  were used   t o   desc r ibe   t he   f l ow 

in  the  mixing  system.  The  eddy  viscosity  model w a s  assumed t o   v a r y  

w i t h   t h e  streamwise c o o r d i n a t e .   F i n i t e  r a t e  chemis t ry  was con- 

s i d e r e d   i n   t h e   m i x i n g   r e g i o n ,   a l t h o u g h  a g r e a t l y   s i m p l i f i e d   r e a c t i o n  

model was u s e d .   T h e   s y s t e m   o f   p a r t i a l   d i f f e r e n t i a l   e q u a t i o n s  

governing  the  f low was t r ans fo rmed   u s ing   t he  von Mises transforma- 

t i o n  and then   so lved   by   f i n i t e   d i f f e rence   me thods .  The  boundary 

l aye r   equa t ions  were a l so   u sed   by  Co'hen?' and  Edelman  and  Fortune 22 

i n   t h e i r   f i n i t e   d i f f e r e n c e   a n a l y s i s   o f   t u r b u l e n t   m i x i n g  and  combus- 

t i on   o f   duc ted   compress ib l e  streams. 
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Lei them,   Kul ik   and   Weins te in   car r ied   ou t   an   exper imenta l  
2 

inves t iga t ion   o f   con f ined   t u rbu len t  j e t  mix ing   fo r   t he  homogeneous 

as w e l l  as heterogeneous cases. These are t h e   o n l y   a v a i l a b l e  

exper iments   wi th   ou ter  stream f a s t e r   t h a n   t h e   i n n e r  j e t .  The  flow 

sys tem  cons is ted  of a 3- in .   d iameter   inner  stream i s s u i n g   i n t o  a 

6- in .   d iameter   conf in ing   duc t .  A i r  was used   fo r   t he   ou te r   s t r eam 

whi l e   t he   i nne r  j e t  c o n s i s t e d   o f   a i r   f o r   t h e  homogeneous case  and 

F reon-12   fo r   t he   he t e rogeneous   ca se   w i th   dens i ty   r a t io  p1/p2 = 4 . 2 .  

The v e l o c i t y   r a t i o  U2/U, ranged  from 4.90 t o  30.0 f o r   b o t h   c a s e s ,  

w i th   abso lu t e   va lues   o f  U vary ing   f rom  1 .5   f t / s ec   t o  40 f t l s e c .  

A l l  data   were  taken  with a cons tan t   t empera ture   ho t   wi re  anemometer 

s y s t e m .   T h e   r e s u l t s   w e r e   p r e s e n t e d   i n   t h e   f o r m   o f   r a d i a l   p r o f i l e s  

of d e n s i t y  and  average axial  v e l o c i t y  and r a d i a l  and   ax ia l   t u rbu -  

? 

2 

l e n c e   i n t e n s i t i e s   f o r   t h e   i n i t i a l   r e g i o n .  It was found  tha t   the  

presence  of  heavier  Freon-12  caused a d e c r e a s e   i n   t h e  momentum 

t r a n s f e r  as compared t o   t h e  homogeneous c a s e ,   t h u s   l e a d i n g   t o   p r e -  

s e rva t ion   o f   t he   i nne r   s t r eam  fo r  a larger   downstream  dis tance.  

The ex i s t ence   o f  a c o n c e n t r a t i o n   p o t e n t i a l   c o r e  was a l so   observed  

and the   l eng th   o f   t h i s   pu re   F reon-12   co re  was shown t o  depend  on 

t h e   v e l o c i t y   r a t i o ;   t h e   h i g h e r   t h e   v e l o c i t y   r a t i o  U2/Ul, t h e  

sho r t e r   t he   l eng th   o f   t he   co re .  
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1.2 P resen t   S tudy  

The l i t e r a t u r e   s u r v e y   p r e s e n t e d  shows t h a t   t h e   a n a l y t i c a l  

s t u d i e s   a v a i l a b l e   u s e d  several s impl i fy ing   a s sumpt ions   i n   o rde r   t o  

r ende r   t he   ana ly t i ca l   mode l   t r ac t ab le   f rom  the   ma themat i ca l   po in t  

of view. Also, t h e   c o r r e l a t i o n   o f   t h e   a n a l y s e s  i s  r e s t r i c t e d   t o .  

exper imenta l   Conf igura t ions   wi th   very  small r a d i u s   r a t i o  Rl/R 

when t h e   e f f e c t s   o f   t h e   c o n f i n i n g  walls are i n s i g n i f i c a n t ,  and t o  

cases where   the   inner  stream i s  much f a s t e r   t h a n   t h e   o u t e r  stream. 

Also, t h e s e   c o r r e l a t i o n s   h a v e   b e e n   o b t a i n e d   o n l y   i n   t h e  maFn 

r e g i o n ,   w h e r e   s i m i l a r i t y   o f   t h e   v e l o c i t y   p r o f i l e s   h a s   b e e n  assumed. 

The experimental   configurat ions  of   Lei them, Kulik and Weinstein 

b e l o n g   t o   t h e   r a n g e   o f   p r e s e n t   i n t e r e s t  and c o r r e l a t i o n s   w i t h   t h e i r  

r e c e n t   d a t a  are o b t a i n e d   i n   t h e   p r e s e n t   a n a l y s i s  of  t u rbu len t   con f ined  

j e t  mixitlg. 

2 

The  flow  problem i s  formulated as a boundary  value  problem 

us ing   the   tu rbulen t   boundary   l ayer   equa t ions .   In   tu rbulen t   mix ing  

problems  however ,   unl ike  in   the  corresponding  laminar   problem,  the 

t r anspor t   p rope r t i e s   o f   t he   f l ow do  not  depend  on  the  component 

f l u i d   p r o p e r t i e s   a l o n e ,   b u t   a l s o  on  geometric  and  dynamic  factors 

of   the   f low  sys tem.   Therefore ,   an   eddy  v i scos i ty   model   has   been  

f o r m u l a t e d   i n   o r d e r   t o   c o r r e l a t e   t h e   a n a l y s i s   w i t h   t h e   d a t a   o b t a i n e d  

by  Leithem, Ku1.ik a n d   W e i n s t e i n   i n   t h e   i n i t i a l   r e g i o n .  The equat ions  

desc r ib ing   t he   f l ow are a p p r o x i m a t e d   b y   t h e i r   f i n i t e   d i f f e r e n c e  

forms  and  the  solut ion i s  ob ta ined   by   an   exp l i c i t   numer i ca l  scheme. 

N u m e r i c a l   s t a b i l i t y  i s  ensu red   by   s a t i s fy ing   Karp lus”   s t ab i l i t y  
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c r i t e r i o n .  The f i n i t e   d i f f e r e n c e   e q u a t i o n s   a r e  programmed i n  

F o r t r a n  IV and so lved   u s ing   t he  IBM 360/40 computer. 

The  main  contr ibut ions of t h i s   i n v e s t i g a t i o n   a r e :  

1. The r e su l t s   p rov ide   i n fo rma t   i on   abou t   t u rbu len t ,  

i ncompress ib l e ,   he t e rogeneous   coax ia l   con f ined '   j e t  

mixing  where  the  presence  of   the  wal l  may not   be 

neg lec t ed .   The re fo re ,   t he   s tudy   enab le s   t o   a s ses s  

the  mixing phenomena i n   g a s - c o r e   n u c l e a r   r e a c t o r s .  

2 .  The  eddy  viscosi ty   model   formulated  considers   both 

t h e   d e n s i t y   v a r i a t i o n   d u e   t o   s t r a t i f i c a t i o n  and t h e  

c o n f i n i n g   w a l l   e f f e c t s   i n   t h e   i n i t i a l   r e g i o n .  

14 



CHAPTER 2 

ANALYSIS 

2.1 Ob jective 

The turbulen t   coaxia l   conf ined   he te rogeneous   mix ing  of 

incompress ib le  jets i s  s t u d i e d   a n a l y t i c a l l y   i n   t h e   p r e s e n t  work. 

The aims o f   t h i s   i n v e s t i g a t i o n  are: 

1. To o b t a i n   t h e   v e l o c i t y  and c o n c e n t r a t i o n   f i e l d s   i n  

t h e   i n i t i a l   m i x i n g   r e g i o n   o f   t h e   c o n f i n e d   t u r b u l e n t  

j e t  f low.  

2. To e i t h e r   m o d i f y   t h e   e x i s t i n g   m o d e l s   o r   f o r m u l a t e  a 

new model f o r   e d d y   v i s c o s i t y   i n   o r d e r   t o   t a k e   i n t o  

c o n s i d e r a t i o n   t h e   e f f e c t s   o f   s t r a t i f i e d   f l o w  and 

conf in ing  walls,  

3. To c o r r e l a t e   t h e   p r e s e n t   a n a l y s i s   w i t h   t h e   r e l e v a n t  

experimental   data   of   Lei them,  Kulik  and  Weinstein.  2 

A phenomenological  approach is u s e d   f o r   t h e   t u r b u l e n t   f l o w  

p rob lem.   The re fo re ,   t he   equa t ions   fo r   t he  mean f low  resemble  the 

cor responding   laminar   f low  equat ions   wi th   the   molecular   t ranspor t  

p r o p e r t i e s   r e p l a c e d   b y   t h e   e d d y   d i f f u s i v i t i e s ,  The a n a l y s i s   f o l l o w s  

a long   t he   l i nes   o f   t he   l amina r   ana lys i s   o f   Re f .  1, b u t  w i l l  be   p re-  

s en ted   he re  i n  br ie f   for   the   sake   o f   comple teness ,  

15 



2.2 Mathematical Model 

The jet  mixing  problem  to be studied is represented 

mathematically by the  boundary  layer  equations with appropriate 

boundary  conditions. The use of  boundary  layer  equations  may be 

supported  by  the  success with which  they  have  been  applied in 

Ref. 1 in the  investigation  of  laminar  confined  mixing. Their 

application to  turbulent  jet  mixing is justified in References 

20 and 24 and  is  also  justified in Chapter 4 .  The present mathe- 

matical  model is based on the  following  assumptions: 

1. The boundary  layer  approximations  are  valid 

2 .  The flow is steady,  isothermal  and  without  body 

forces  and  chemical  reaction 

3 .  Incompressible  component  fluids 

The mathematical  model is designed  to  predict  the  mixing of 

two  streams as  it progresses '*in  the entrance  region of a  confining 

pipe  of  constant  cross-section. A typical  geometry  of the problem 

is shown in Fig. 1. The solution is obtained  by  a  finite  difference 

method  with  which  any  types  of  entrance  velocity  profile can  be used. 

The governing  equations  for  the  turbulent  mixing  of  two  het$rogeneous 

non-reacting  streams  are well documented 2 5 y 2 6  and  are  presented  next. 

16 



2.3 Formulat ion  of   Problem  in   Physical   Plane (r& 

2.3.1 - Governing _ _  Dif fe ren t i a l   Equa t ions  

. Continui ty   Equat ion 

Momentum Equation 

Dif fus ion   Equat ion  

Expression  for   Densi ty  

1 u) - 
M1 

P =  ” [ pp, 1 - Pp,2]  + %,2 

The  eddy v i s c o s i t y  and  eddy d i f f u s i v i t y  are unknown ‘m 

i n   Equa t ions  (2) and ( 3 )  . Their   formulat ion w i l l  be  d iscussed  

i n   t h e   n e x t   c h a p t e r .  

17 



The  pressure   g rad ien t   dp /dz  i s  ca l cu la t ed   u s ing   an   Equa t ion  

of C o n s t r a i n t   d e r i v e d  on t h e  b a s i s  of   the momentum equat ion and  on t h e  

conse rva t ion  of mass flow r a t e   a c r o s s   a n y   c r o s s   s e c t i o n   i n   t h e  flow 

r e g i o n .  

Equat ion   of   Cons t ra in t  

I 2 
V z 

R 

I dr 

2.3.2 Boundary  Conditions 

1, A t  t h e   i n i t i a l   s e c t i o n ,  z = 0 

h l W  i f  O s r < R 1  

h 2 W   i f  R1 < r  ( R  

vz(r,O) = 

vr(r ,O) = 0 i f  O l r t R  
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2. At  the  centerline,  r = 0 

3 .  At the wall, r = R 

Equations (1) through (8), (except  for  the  expressions  of 

eddy  viscosity E and  eddy  diffusivity E ) complete  the  formu- 

lation  of  the  jet  mixing  problem. The von Mises transformation 

is  used  in  this analysis in order to facilitate  the  solution . 

V m 

2 . 4  von Mises Transformation 

The stream  function is defined  by 

= - pvrr 
aZ 

and  the  inverse  transformation  is  given  by 

On closer  examination,  Equation (10) reveals that  the  number  of 

grid  points  representing  the  inner  stream  decreases  as  the  ratio of the 

mass  fluxes  of  the  outer to the  inner  streams  increases.  Hence,  to 

obtain a proper  finite  difference  representation of the  inner  stream 

19 



f o r   t h e s e   l a r g e  mass f l u x   r a t i o s   w i t h o u t   u n r e a s o n a b l y   i n c r e a s i n g   t h e  

number o f   s t e p s   i n  $ -d i rec t ion ,   the   cp- t ransformat ion  i s  u s e d   t o  

s t r e t c h   t h e $   - c o o r d i n a t e   i n   t h e   r e g i o n   o f   t h e   i n n e r   s t r e a m .   T h e  

cor responding   t ransformed  equat ions   and   boundary   condi t ions   a re  

p re sen ted   nex t .  

2 .5   Formulat ion  of   Problem  in  cp-Transform P l a n e  (cpd 

2 .5 .1   Govern inv   D i f f e ren t i a l   Equa t ions  

The  cp-transformation i s  d e f i n e d  by 

where (y = < 
2 when p U /p U << 1 

1 1  2 2  

The   equa t ions   i n   t he   von  Mises p lane   co r re spond   t o  cy = 1. 

The  inverse  cp-transformation i s  def ined   by  

The   Jacobian   of   th i s   cp- t ransformat ion   for  cy = 2 i s  given by 

which i s  unbounded a t  cp = 0. T h e r e f o r e ,   p a r t i c u l a r   c a u t i o n   n e e d s   t o  

be   observed   whi le   us ing   the   0 - t ransformat ion  when cp = 0 which  occurs 

a t   t h e   d u c t   c e n t e r l i n e .  
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Equat ions (2), (3) and (5) t r a n s f o r m   t o  

% 
+ vz az 

I- 1 

The   con t inu i ty   equa t ion  (1) is  s a t i s f i e d   i d e n t i c a l l y  by t h e  

d e f i n i t i o n   o f   t h e  stream funct ion .  For v a r i a b l e .   d e n s i t y  flows, 

however, t h e   r a d i a l   v e l o c i t y  v can   be   eva lua ted   f rom  Equat ion  (1) 

by  so lv ing  it for  a(rvr)/dr T h u s ,   t h e   r a d i a l   v e l o c i t y   a p p e a r i n g  

r 
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i n   E q u a t i o n  (15) is eva lua ted   f rom  the   equa t ion   o f   con t inu i ty  i n  t h e  

t ransformed  plane.  

The expres s ion   fo r   dens i ty ,   Equa t ion  ( 4 ) ,  and t h e   e x p r e s s i o n s  

f o r  eddy v i s c o s i t y  E and  eddy d i . f f u s i v i t y  f o r m u l a t e d   i n   t h e  

next   chapter   remain   unaf fec ted   by   the   t ransformat ion .  

V 'm 

2.5.2 Boundary  Conditions 

The  t ransformed  boundary  condi t ions are 

1. A t  t h e   i n i t i a l   s e c t i o n ,  z = 0 

Vr(cp,O> = 0 i f  O_<cpsP 
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2. 

3. 

A t  t h e   c e n t e r   l i n e ,  'p = 0 

At t h e  w a l l ,  cp = P 

= o  
cp=I 

2.5.3 Cen te r l ine   Equa t ions  

Since  the  q- t ransformation  has   an  unbounded  Jacobian a t  

cp = 0, s u i t a b l e  LinTCing p rocesses ,   t oge the r  with L'Hospital's r u l e ,   a r e  

utilized i n  order  to   reduce   Equat ions   (13)   and   (14)   to   the   fo l lowing  

equat ions  a t  the   cen ter l inecp=O.  

Thus   the  flow problem is r e p r e s e n t e d  by  Equations (1.2) 

through (16) ( toge ther   wi th   Equat ions  (20) and (21) for   the   cen t .e r I . ine)  
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and the  boundary  conditions (17) through (19) .  The expressions  for  

eddy v i s c o s i t y  c and  eddy d i f f u s i v i t y  E have   ye t   to   be  

formulated. 

V . m  

2.6 Method of  Solution 

A forward  marching  all-explicit   numerical  method i s  used   in  

this   analysis .   Accordingly,   for   the  t ransverse  der ivat ives ,   central  

d i f f e rences   a r e   u sed   i n   t he   i n t e r io r   o f   t he   duc t  and  backward d i f f e rences  

a r e  used a t   t he   duc t   wa l l .  Forward d i f f e r e n c e s   a r e  used fo r   . t he   ax i a l  

de r iva t ives  everywhere  except in  the  continuity  equation  wherein  back- 

ward d i f f e r e n c e s   a r e  used f o r   t h e   a x i a l   d e r i v a t i v e s .   S u b s t i t u t i o n  

of these   f in i te   d i f fe rences   in   the   govern ing   equat ions   l eads   to   l inear  

expl ic i t   f in i te   d i f fe rence   equat ions   tha t   a re   s tab le   under   cer ta in  

condi t ions .   These   s tab i l i ty   condi t ions   a re   ob ta ined  by using  the 

cr i ter ion  developed by  KarplusT3  These  conditions  are on ly  r e a l i z a b l e  

for   non-negat ive   ax ia l   ve loc i t ies  and a r e  

For momentum equation (13) 

1. Acp i s  not  l imited from s t ab i l i t y   cons ide ra t ions  and 

i s  s e l ec t ed  from the   requi red   reso lu t ion  and t h e  

accuracy  of  the  flow  problem. 

r 1 

For  the  diffusion  equat ion (14) 

1. There i s  no r e s t r i c t i o n  on Acp 
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Here,  m and n denote  the  transverse and the axial  coordinates, 

respectively. 

The stability  conditions  of  Equations (20) and (21) are less 

stringent  than conditions (22)  and  (23). The more restrictive  of 

conditions (22) and (23)is utilized  in  the  numerical  solution. 

Equations (15), ( 1 6 ) ,  the  expression  for density, Equation(4)  and 

the expressions  for  eddy  viscosity  and  eddy  diffusivity  are 

unconditionally  stable. 

The discussion and  the  development  of  the  turbulent  shear 

model  are  presented in the  next  chapter. 



CHAPTER 3 

DISCUSSION ON EDDY VISCOSITY 

3.1 I n t r o d u c t i o n  

I n   o r d e r   t o   o b t a i n  a s o l u t i o n   o f   t h e   f i n i t e   d i f f e r e n c e  

equa t ions   p re sen ted   i n   Chap te r  2, it is n e c e s s a r y   t o   e s t a b l i s h  

s u i t a b l e   e x p r e s s i o n s   f o r   t h e   e d d y   v i s c o s i t y  G and  eddy d i f f u s i v i t y  

i n  terms of known quan t i t i e s .   Unfo r tuna te ly ,   t hese   t u rbu len t  'm 

t r a n s p o r t   c o e f f i c i e n t s  are n o t   f l u i d   p r o p e r t i e s ,  as are t h e i r  

l amina r   coun te rpa r t s ,   bu t   t hey  are parameters   tha t   depend  on   the  

f lu id   mo t ion ,  e.g. t h e  level of t u r b u l e n c e ,   v e l o c i t y   g r a d i e n t  and 

d e n s i t y   g r a d i e n t .   S i n c e   t u r b u l e n t   f l o w  i s  cha rac t e r i zed   by  random 

f l u c t u a t i o n s ,   t h e   d e r i v a t i o n   o f   a c c u r a t e   t h e o r e t i c a l   e x p r e s s i o n s  

f o r   t h e  eddy d i f f u s i v i t i e s   r e q u i r e s  a s ta t i s t ica l  a n a l y s i s .  

However, t h e  s ta t is t ical  approach   has   no t   p roved   prac t ica l  so 

far:7 and consequently,   one  must  rely  on a semi-empir ical   approach 

f o r   d e t e r m i n i n g   e x p r e s s i o n s   r e l a t i n g   t h e   e d d y   d i f f u s i v i t i e s   t o   t h e  

f low  p rope r t i e s .   The   de r iva t ion   o f   t hese   expres s ions   fo r   t he   p re -  

s e n t   a n a l y s i s  of. confined  mixing i s  b a s e d   o n   t h e   r e s u l t , s   a v a i l a b l e  

for   unconf ined  j e t  mixing.  Hence, t h e   r e l e v a n t   t u r b u l e n t   s h e a r  

mode l s   fo r   f r ee  j e t  mixing are f i r s t   p r e s e n t e d .   F u r t h e r   d e t a i l e d  

d i s c u s s i o n  on these   and   o the r   t u rbu len t  j e t  mixing  models may b e  

obtained  f rom  References 28, 29, 30 and 31. 

V 
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3.2 Classical Shear  Models  for  Unconfined Jet Mixing 

The   famous   mix ing   length   theory   for   tu rbulen t   shear  w a s  

formula ted   by   Prandt l  in 1925. T h i s   t h e o r y   p o s t u l a t e s   t h a t   t h e  

mean v a l u e   o f   t h e   f l u c t u a t i n g   v e l o c i t y  component i n  a t u r b u l e n t  

f low is e q u a l   t o   t h e   p r o d u c t   o f   t h e   l o c a l  mean v e l o c i t y   g r a d i e n t  

and a c h a r a c t e r i s t i c   m i x i n g   l e n g t h  R e  The  mixing  length is a 

d i s t a n c e   i n   t h e   f l o w   f i e l d   s u c h   t h a t  a f l .uid  e lement   conserves  i t s  

axial  v e l o c i t y  as i t  moves a c r o s s   t h i s   d i s t a n c e .   T h e   m i x i n g   l e n g t h  

R i s  assumed t o   b e   p r o p o r t i o n e l   t o   t h e   l o c a l   w i d t h  b of the  mixing 

l a y e r ,  i.e., R a b. Also, R is assumed t o   b e   c o n s t a n t   a c r o s s   t h e  

mixing  layer.  Thus, Prand t l ' s   mix ing   l eng th   t heo ry   g ives   t he  

fo1lowi.ng r e l a t i o n  f o r  the   t u rbu len t   shea r  stress, or   the   Reynolds  

stress, 

where 

and 

i n   t h e  axial d i r e c t i o n  

c i s  an  empi.ric.al   constant,  

b i s  the   w id th  of  the  mixing  Layer,  

vz i s  t h e  mean ax ia l  v e l o c i t y ,  

vl ,  vi are the   l oca l   f l uc tua t ing   componen t s   o f   t he  

axial and the   r ad ia l .   ve loc i ty ,   r e spec t ive1 .y .  

Us ing   the   concept  of e d d y   v i s c o s i t y   i n   E q u a t i o n  (241, t h e   e x p r e s s i o n  

f o r   t h e   e d d y   v i s c o s i t y  becomes 
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Thus ,   P rand t l ' s   mix ing   l eng th   t heo ry   y i e lds   an   eddy   v i scos i ty  

which varies wi th   ac ross   t he   mix ing   l aye r .  

Based  on a similar mixing  length  concept ,   Taylor   der ived a 

v o r t i c i t y   t r a n s p o r t   t h e o r y   w h e r e i n   t h e   v o r t i c i t y   o f  a f l u i d  element 

i s  assumed t o   b e   c o n s e r v e d   a c r o s s   t h e   m i x i n g   l e n g t h .   I n   T a y l o r ' s  

theory,  as w e l l  as i n   P r a n d t l ' s ,   t h e   e d d y   l e n g t h  scale was assumed 

t o   b e  much smaller than   t he   l oca l   w id th   o f   t he   mix ing   l aye r .  

However, Taylor ' s   theory   has   been   used  much less f r equen t ly   because  

of i t s  complexi ty   in  a l l  bu t   t he   s imp les t   f l ows .  It must   a lso  be 

n o t e d   t h a t   f o r   t w o - d i m e n s i o n a l   m i x i n g ,   t h e   v o r t i c i t y   t h e o r y   r e s u l t s  

i n   t h e  same e x p r e s s i o n   f o r   t u r b u l e n t   s h e a r  as o b t a i n e d   f r o m   P r a n d t l g s  

mixing  length  theory.  

I n  1942, Prandt l   p roposed   another   model   for   the   tu rbulen t  

eddy   v i scos i ty ,   based   on   t he   a s sumpt ion   t ha t   t he   eddy   v i scos i ty  B 

i s  r e l a t e d   t o   t h e   l o c a l  mean v e l o c i t y   g r a d i e n t   a c r o s s   t h e   m i x i n g  

l a y e r .   T h i s   f o r m u l a t i o n   i m p l i e s   t h a t   t h e   t a r b u l e n t   e d d y  scale i s  

of   the same orde r  as the   w id th  of the  mixing  zone and y i e l d s   t h e  

f o l l o w i n g   e x p r e s s i o n   f o r   t h e   e d d y   v i s c o s i t y  

v 

E 
V kb (vz m a x  - v  1 z , min 

where k is  an   empi r i ca l   cons t an t ,  

V V ~ , m d  are the maximum and t h e  minimum a , i a l  

v e l o c i t i e s   r e s p e c t i v e l y ,   i n   t h e  
z min 

mixing  layer  . 
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The  eddy v i s c o s i t y  i s  assumed t o   b e   c o n s t a n t   a c r o s s   t h e   m i x i n g  

l aye r ,  i.e. dependent   upon  the   ax ia l   coord ina te   on ly .  In f a c t ,  

f o r   a n   i n c o m p r e s s i b l e   c i r c u l a r   j e t   e x h a u s t i n g   i n t o  a qu ie scen t  

atmosphere, it has   been  shown tha t ,   a sympto t i ca l ly ,   t he   w id th  of 

t h e  jet is l i n e a r l y   p r o p o r t i o n a l   t o   t h e  streamwise coord ina te  z ,  

whereas   t he   cen te r l i . ne   ve loc i ty  i s  i n v e r s e l y   p r o p o r t i o n a l   t o  Z .  

Therefore,   for  such  a  system,  Equation (26) y i e l d s  an  eddy 

v i scos i ty   wh ich  i s  c o n s t a n t   f o r   t h e   e n t i r e   f l o w   f i e l d .  

This   model   for   the   eddy  v i scos i ty ,   Equat ion  (261, has 

been  widely  appl i .ed  to   a   var ie ty   of   f ree   mixing  problems  because 

of i t s  ma themat i ca l   s imp l i c i ty  and t h e   r e s u l t s  i t  y i e l d s   a g r e e  

s a t i s f a c t o r i l y   w i t h   e x p e r i m e n t a l   d a t a   f o r   s e v e r a l   f l o w   c o n f i g u r a -  

t i o n s .  It, the re fo re ,   fo rms   t he   bas i s   fo r  most  eddy v i s c o s i t y  

m o d e l s   e x i s t i n g   i n   t h e   l i t e r a t u r e ,  and i s  u s e d   f o r   a   p a r t i c u l a r  

f l o w   f i e l d  by a p p r o p r i a t e l y   i n c l u d i n g   t h e   e f f e c t s   t h a t  may be  of 

s i g n i f i c a n t   i n t e r e s t   i n   t h a t   c a s e .  

3.3  Modi f i ca t ions  of C l a s s i c a l  Model 

For  the  present  problem, it was necessa ry  t o  account   for  

the  fol lowing:  

1. . 
2. 

3 .  

4 .  

E f f e c t   o f  a  moving ex te rna l   ( s econda ry )  stream 

The   ca se   o f   s t r eams   w i th   equa l   ve loc i t i e s  

E f f e c t  of   densi . ty   difference  between  the  s t reams 

E f f e c t   o f   t h e   c o n f i n i n g   w a l l s  
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These   e f fec ts  may be   cons idered   e i ther   ind iv idua l ly ,  by including 

the  corresponding terms i n   t h e  eddy v iscos i ty   express ion ,  or 

c o l l e c t i v e l y ,  by su i t ab le   mod i f i ca t ion  of the   empir ica l   cons tan t  k 

appearing i n  the  model, Equation (26). While no information is  

ava i lab le   regard ing   the   e f fec t   o f   the   conf in ing  w a l l s L s ,  e f f o r t s   t o  

inc lude   the   remain ing   th ree   e f fec ts   ind iv idua l ly   have   been  made by 

seve ra l   i nves t iga to r s  and have  resul ted  in   var ious  analyt ical   models  

fo r   t he  eddy v i scos i ty .  However, i t  cannot  be assumed t h a t   t h e  eddy 

v i s c o s i t y  model  which i s  su i tab le   for   the   p resent   p roblem w i l l  

r e s u l t  from a s imple  superposi t ion  of   these  individual   effects .  

The purpose  of   the  discussion  in   the  remainder   of   this   sect ion is, 

then ,   ma in ly   t o   i nd ica t e   qua l i t a t ive ly   t he   e f f ec t s   o f   t hese  

add i t iona l   f ac to r s  on the  formulation  of  the eddy v i s c o s i t y  model. 

The f i n a l  a i m ,  of  course, i s  to   formula te   an   express ion   for   the  

eddy  kinematic. v i scos i ty   coef f ic ien t   tha t   can   adequate ly   cor re la te  

the   p resent   ana lys i s  wi.th the   exper imenta l   da ta  of  Reference 2 f o r  

confined  mixing 

3.3.1 Effec t  of a Moving Externa l  Stream 

From experiments  with  unconfined  mixing of moving streams 

of ident ica l   composi t ion ,   Fors ta l l  and Shapiro3‘  deduced t h a t   t h e  

presence of a moving secondary stream causes a decrease   in   the  

ra te  of  spread of t h e   c e n t r a l  j e t ,  Measured in   terms of t he   ha l f  

ra.dius *, the   spreading of the   , j e t  was no longer   l inear   with 112 

* ‘The ha l f   r ad ius  r i.s t h e   r a d i u s   a t  which the   l oca l  ax i a l  
ve1ocit:y v is e!&&. t o  Oe5(v 

Z z , max. + vz: ,mi.n’ 
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t he   downs t r eam  d i s t ance .   In   f ac t ,  i t  was shown t h a t ,   t o  a good 

approximation,   the   growth of t h e   h a l f   r a d i u s  may be   g iven   by  

Fur the rmore ,   fo r   t he   cen te r l ine   ve loc i ty   decay ,  it was f o u n d   t h a t  

V 2.c - u2 % 

- u2 Z 

Subst i tut ion  of   Equat ions  (27)  and  (28) i n t o  (26) reveals t h a t ,  

f o r   t h e  case of a moving secondary stream, c must  depend  on  the 

axial  coord ina te  Z. 

V 

3.3.2 The. C-ase of Str-eams w i t h   E q u a l   V e l o c i t i e s  

The v a r i o u s   e d d y   v i s c o s i t y   m o d e l s   a v a i l a b l e   t o d a y   a r e   t h e   r e s u l t  

of  at tempts  by several i n v e s t i g a t o r s   t o   i n c l u d e   t h e   c a s e   o f   e q u a l  

s t r e a m   v e l o c i t i e s   w i t h i n   t h e  f ramework   of   Prandt l ' s   o r ig ina l  

h y p o t h e s i s   f o r   f r e e   t u r b u l e n t   f l o w .   P r a n d t l ' s  c lass ical  model, 

as g i v e n   b y   E q u a t i o n   ( 2 6 ) ,   l e a d s   t o   t h e   o b v i o u s   r e a l i z a t i o n   t h a t  

E = 0 when vzYmax = v  

v e l o c i t i e s   f l o w   a l o n g  as segregated,   wi thout   mixing.   This   implica-  

t i o n   h a s   b e e n   d e m o n s t r a t e d   t o   b e   i n c o r r e c t   b y   t h e   r e s u l t s  of t h e  

e x p e r i m e n t s   o f   F o r s t a l l  and S h a p i r ~ ~ ~  and A l ~ i n i e r i ? ~  Recognizing 

t h i s   d i s p a r i t y   b e t w e e n   P r a n d t l ' s   m o d e l  and the   exper imenta l   observa-  

t i o n s ,   F e r r i  e t  a134 suggested a new e x p r e s s i o n   f o r   t h e   e d d y   v i s c o s i t y  

V 
so t h a t  two streams having  equal. z,min ' 

3 1  



This   exp res s ion  was o b t a i n e d   b y   e x t e n s i v e   c o r r e l a t i o n s   o f   f r e e  j e t  

da ta .  It was c o n c l u d e d   t h a t   t h e   e f f e c t   o f  a d e n s i t y   d i f f e r e n c e   i n  

t h e   f l o w   f i e l d  on the  form of t h e   e d d y   v i s c o s i t y  may be  accounted 

fo r   by   t he   i nc lus ion   o f  a d e n s i t y  term as in   Equat ion   (29) .   This  

form  for  g e l i m i n a t e s   t h e   o b j e c t i o n   t o   P r a n d t l ’ s   m o d e l ,  

Equation ( 2 6 ) ,  when v ~ , ~ ~  - v  b u t   c l e a r l . y ,  i t  r e s u l t s   i n  

a similar d i f f i c u l t y  when (pvz)max - - (pvz)min. Consequently,  i t  

shows l i t t l e  v a l u e   f o r   g e n e r a l   a p p l i c a t i o n .   I n   o r d e r   t o   c i r c u m v e n t  

such  anomalies,  A l ~ i n i e r i ~ ~  cons ide red   t he   eddy   v i scos i ty  t o  

b e   p r o p o r t i o n a l   t o   t h e  sum o f   t h e  mass f l u x  and t h e  momentum f l u x ,  

and   p roposed   t he   fo l lowing   r e l a t ion   fo r  

V 

z,min3 

€V 

€V 

(P €J  e 

P I U I R l  
= 0.025 

It may be  ment ioned  here   that   Equat ions  (29)   and ( 3 0 )  have  been  used 

f o r   e x t e n s i v e   c o r r e l a t i o n s   b u t   o n l y   i n   t h e   s i m i l a r i t y   r e g i o n  of a carbon 

dioxide-air   system  and a hydrogen-air   system  with R1/R = 0,25 and 

V U 2  ranging  between 0.47  and 1,25 whi le  U2 .= 650 ftisec. No 

s ta tement  may be made r e g a r d i n g   t h e i r   a p p l i c a t i o n   t o   o t h e r   , j e t  mixi.ng 

conf igu ra t ions .  I n  f a c t ,   t h i s  i s  t r u e   f o r  a l l  ava i l ab le   exp res s ions  

f o r   b e c a u s e  of the   l ack   of   comple te   and   accura te   da ta   used   in  

s tudying  any  eddy  viscosi ty   modelo 

V 
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Fur the rmore ,   t he   s i t ua t ion   t ha t   Equa t ions  (29) and (30) may 

b o t h   b e   u s e d   t o   c o r r e l a t e   t h e  same e x p e r i m e n t a l   d a t a  is solved  by  the 

r e s u l t s   o b t a i n e d   b y   R a g s d a l e   a n d   E d w a r d s   i n   t h e i r   a n a l y t i c a l   a n d  

exper imenta l   s tudy  w i t h  an  air-bromine  system. I n   t h e i r   a n a l y t i c a l  

s tudy ,   va r ious   expres s ions   fo r   eddy   v i scos i ty  were compared  on a 

c o n s i s t e n t   b a s i s .  It w a s  concluded   tha t   modi f ica t ions   o f   Prandt l ' s  

hypo thes i s   fo r   t u rbu len t   shea r   f l ow  tha t   i n t roduce  mass f l u x   o r  

momentum f l u x   o r   b o t h ,   r a t h e r   t h a n   v e l o c i t i e s ,   p r o d u c e   e x p r e s s i o n s  

whose d i f f e r e n c e s  are more apparent   than real. It was shown t h a t  

t h e s e   v a r i o u s   e x p r e s s i o n s   p r e d i c t   e s s e n t i a l l y   t h e  same eddy vis- 

c o s i t y  as long as they  a . re   appl ied only within  the  range of cond i t ions  

for   which   they   have   been   exper imenta l ly   ver i f ied .   Ragsdale  and 

Edwards e x p l a i n e d   t h a t   t h i s  is p e r h a p s   b e c a u s e   t h e   i n i t i a l   t u r b u -  

l e n c e   p r e s e n t   i n   t h e   s t r e a m s   c o n t r i b u t e s   s i g n i f i c a n t l y  t o  t h e  co- 

axial.  mixing  process  and may d o m i n a t e   t h e   s i t u a t i o n ,   f o r   n e a r l y  

e q u a l   s t r e a m   v e l o c i t i e s .  

35 

3.3.3 Effec-t  of  Density  Difference  between  the Two Streams 

D e n s i t y   d i f f e r e n c e s  may a r i s e   w i t h i n   t h e  j e t  mixing  region 

e i t h e r   d u e   t o   c o m p r e s s i b i l i t y   e f f e c t s ,   a s   i n   t h e   c a s e  of hea ted   , j e t s  

and supersonic   f .bws ,  or due   t o  jets of  different  composit: i .on.  

Experiment.al  st.udies  of a. jet  e x h a u s t i n g   i n t o  a. quiescent   s t ream 

of   d i f fe ren t   dens i ty   were   per formed  by   Corrs in   and   Ubero i   us ing  

hea ted  jets and  by  Keagy  and  Weller37  using j e t s  of d i . f f e r e n t  

composi t ion .   In   bo th   cases ,   the   asymptot ic   decay   of   the   cen ter l ine  

36 
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v e l o c i t y   f i t s  a z-' power law reasonab ly  w e l l .  Also, t h e   l i n e a r i t y  

of t h e   h a l f   r a d i u s  w i t h   t h e  axial c o o r d i n a t e  z ,  as observed 

in   cons t an t   dens i ty   mix ing ,  is  st i l l  v a l i d .  However, t h e  ra te  of  

l i nea r   sp read   depends   s t rong ly  on the   d i f fe rence   be tween  the   den-  

s i t ies  of   the  two streams. I n   f a c t ,  a d e c r e a s e   i n   t h e  je t  d e n s i t y  

wi th   r e spec t   t o   t ha t   o f   t he   s econda ry  stream c a u s e s   a n   i n c r e a s e   i n  

t h e  r a t e  of   spreading  of   the je t .  The re fo re ,  i t  i s  s e e n   t h a t   f o r  

unconfined  mixing, a dens i ty   d i f f e rence   be tween   t he  two s t reams 

produces no a d d i t i o n a l  axial v a r i a t i o n   i n   t h e   e d d y   v i s c o s i t y  

b e s i d e s  a change i n   t h e   v a l u e   o f   t h e   e m p i r i c a l   c o n s t a n t   i n   P r a n d t l ' s  

formula t ion ,   Equat ion  (26). 

112 

€ V  

The r a d i a l   v a r i a t i o n   i n t r o d u c e d   i n   t h e  eddy v i s c o s i t y  

by a d e n s i t y   d i f f e r e n c e   i n   t h e   m i x i n g  streams was  accounted  for by 

F e r r i  e t  a134 by  using cv as given  by  Equation (29) . Ting  and 

L ibby38   pos tu l a t ed   t he   fo l lowing   r e l a t ion   be tween   t he   eddy   v i scos i ty  

fo r   cons t an t   dens i ty   mix ing   and   t ha t   fo r   va r i ab le   dens i ty  axisym- 

metr ic   f lows  

€ V  

where i s  the   eddy   v i scos i ty   fo r   cons t an t   dens i ty   f l ows   and  
ik 

€ V  

PO 
is  a r e f e r e n c e   d e n s i t y .  

A s  seen  from  Equation (31), the  t ransformation  of   Ting  and 

Libby i s  e s s e n t i a l l y  a convers ion   of   the   cons tan t   dens i ty   eddy 

v i s c o s i t y  E t o   o n e   a p p l i c a b l e   f o r   f l o w s   w i t h   d e n s i t y   v a r i a t i o n s  
9< 

V 
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e i t h e r   d u e   t o   c o m p r e s s i b i l i t y   o r   s t r a t i f i c a t i o n ,   W h i l e   t h i s  

t r a n s f o r m a t i o n   a d m i t s   p o s s i b l e   p r a c t i c a l   . a p p l i c a t i o n ,  no d e f i n i t e  

form  of e o r  po is  sugges t ed   and   t he   r e su l t s   va ry   depend ing  

on  the  forms  of  and 6 used, 

* 
V * 

=V 0 

It is  seen   f rom  the   above   d i scuss ion   tha t  several a t t empt s  

have  been made i n   o r d e r   t o   m o d i f y   P r a n d t l ' s  classical model f o r  

f r e e   t u r b u l e n t   s h e a r   i n   o r d e r  t o  s t u d y   v a r i a t i o n s  of t h e   f r e e  jet 

mixing  problem.  However,  not  one  of  them  includes a l l  o f   t h e   e f f e c t s  

t h a t  are s i g n i f i c a n t   i n   t h e   p r e s e n t   p r o b l e m .   T h e   f o l l o w i n g   s e c t i o n  

d i s c u s s e s   t h e   e d d y   v i s c o s i t y   m o d e l   u s e d   i n   t h e   p r e s e n t   a n a l y s i s   t o  

i n c l u d e   t h e   e f f e c t s   l i s t e d   i n   S e c t i o n  3 . 3 .  

3.4 Eddy Viscos i ty   Model   Proposed   for   Present   Analys is  

A f t e r   s u i t a b l e   r e d e f i n i t i o n  of t h e   c o n s t a n t   i n   P r a n d t l ' s  

c lass ica l  model, the e d d y   v i s c o s i t y   e x p r e s s i o n  becomes 

V + v  
2, min 

V 2 
40 

where 0 i s  a non-dimens iona l   cor re la t ing   parameter ,   This   form 

o f   t h e   e d d y   v i s c o s i t y  was used  by Pai2' and Bauer3' f o r  

unconfined j e t  mixing.  For an i n c o m p r e s s i b l e   f r e e  j e t  exhaus t ing  

i n t o  a quiescent   a tmosphere,  t~ was found t o   b e  twelve?' For two 

dimensional   mixing  of  two  moving streams, Karst" has  proposed 

t h e   v a l u e s   o f  (J i n  terms of v e l o c i t y   r a t i o   o f   t h e  two streams. 

= V  
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Equat ion (32) i s  a p p l i c a b l e   f o r   t h e  case w i t h  a. moving 

secondary stream. Also, t h i s  form  of   the   eddy  v i scos i ty   express ion  

d o e s   n o t   d i s p l a y   t h e   o b j e c t i o n   r a i s e d   f o r   P r a n d t l ' s   o r i g i n a l   m o d e l  

f o r   t h e  case of   equa l  stream v e l o c i t i e s .  

Equat ion (32) w i l l  b e   u s e d   f o r   t h e   e d d y   v i s c o s i t y   i n   t h e  

present   analysis   of   confined  heterogeneous  mixing.   The two 

impor t an t   e f f ec t s   t ha t   r ema in   t o   be   i nc luded   i n   t he   p roposed  

model are t h e   e f f e c t s   d u e   t o   d e n s i t y   v a r i a t i o n   i n   t h e  streams 

fo r   by  a s u i t a b l e   r a d i a l   v a r i a t i o n   i n   t h e   p a r a m e t e r  B according 

t o   t h e   f o l l o w i n g   c o n s i d e r a t i o n s .  

The r e g i o n   o f   i n t e r e s t   f o r   t h e   p r e s e n t   a n a l y s i s  i s  t h e  

i n i t i a l  m i x i n g   r e g i o n .   I n   t h i s   r e g i o n ,   t h e   v a l u e   o f   r e q u i r e d  

n e a r   t h e   c e n t r a l  axis of t h e  j e t  shou ld   be   approx ima te ly   t ha t   fo r  

€V 

unconfined  mixing  and  the  value  of  0 a t  t h e   c e n t e r l i n e  may be 

e s t ima ted   f rom  Kors t ' sL t0   r e su l t s   fo r  0. Near t h e   i n t e r f a c . e  of 

t he   i nne r  and t h e   o u t e r  streams, mixing i s  enhanced  by  the  large 

g rad ien t s   o f   ve loc i ty   and   dens i ty   p reva i l i ng   he re .   The re fo re ,  

t he   va lue   o f   t he   eddy   v i scos i ty  e n e a r   t h e  j e t  i n t e r f a c e  must 

be   l a rge r   t han  i.ts va lue  a t  t h e   c e n t e r l i n e .   F u r t h e r ,  a t  the  ed.ge 

V 

of the  mixing  zone,   the   shear   decreases   to   zero,   and,   in   the 

v iscous   suhlayer  a t  t h e   c o n f i n i n g  wall, the  Reynolds  stress i s  

ze ro  and the   mo lecu la r   k inemat i c   v i scos i ty  domi.nat:es. Thxs, t he  

va lue   o f   shou ld   dec rease   a lmos t   t o   ze ro  a t  t h e  wall .  % 
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These   cons ide ra t ions  show c l e a r l y   t h a t ,   f o r   t h e   p r e s e n t  

problem, the eddy   v i scos i ty  must v a r y   r a d i a l l y   a c r o s s   t h e   c r o s s -  

s ec t ion   o f   t he   con f in ing   p ipe .  Then,  from  Equation (32), i t  

f o l l o w s   t h a t   t h e   p a r a m e t e r  u a l s o  varies w i t h   t h e   r a d i a l   c o o r -  

d ina te .   The   approximate   shapes   su i tab le   for  c and Q are 

shown i n   F i g u r e s   2 a  and 2b respec t ive ly .   This   shape   of  0 may 

be   r ep resen ted  by  an  expression  of   the  form 

V 

r /R1 
u = A l e  COS n + A2 r 

3. 

where AI and A2 are such   tha . t   the i r  sum i s  t h e   v a l u e  of 0 

as p red . i c t ed   by   Kors t   fo r   spec i f i ed   ve loc i ty  rati.0 U2/Ul .  40 

I n   o r d e r   t o   m a i n t a i n  u maximum a t  the   wal l . ,   the   cos ine  

func t ion  was w r i t t e n   i n   t h e   f o r m  

cos  -n ( 2 - ) f o r  

R _ r .  
r - >  1 
Rl 

R1 

T h i s   a l s o   y i e l d s  minimum CJ n e a r   t h e  j e t  i n t e r f a c e ,  as 

d e s i r e d  . 

(33) 

( 3 4 )  

L 

Thus,  Equation ( 3 2 ) ,  tgge ther   wi th   Equat . ion  (33) f o r  CJ, 

compr ises   the  model proposed for t h e   e d d y   v i s c o s i t y  e . It s t i l l  

remains t o  fo rmula t e   an   expres s ion   fo r   t he   eddy   d i f fus iv i ty  E i n  

o rde r  to comple te   the  set o f   equa t ions   p re sen ted   i n   Chap te r  2. 

V 
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FIGURE 2. a )  APPROXIMATE  SHAPE OF EDDY  VISCOSITY cy. 
b) APPROXIMATE  SHAPE OF NON  DIMENSIONAL  CORRELATING  PARAMETER u. 



3.5 Some Remarks  on the  Turbulent   Schmidt  Number NSc, 

and the Eddy D i f f u s i v i t y  c 

In  e a r l y   a n a l y s e s  of mixing  problems, i t  was o f t e n  assumed 

t h a t   t h e   t u r b u l e n t   S c h m i d t  number NSc, = 1.0, an  assumption 

wh ich   s impl i f i e s   t he   gove rn ing   equa t ions   cnns ide rab ly .  However, 

r e c e n t   e x p e r i m e n t s   i n d i c a t e   t h a t  

f rom  un i ty .   Fu r the r ,   t he   expe r imen ta l   da t a   o f   Fo r s t a lh  and 

Shapiro 

0.7 throughout   the  mixing  region,  so  t h a t   t h e   e d d y   d i f f u s i v i t y  

NSc, t may d i f f e r   s i g n i f i c a n t l y  

32 
show that NSc , t  

remains   cons tan t  a t  approx.imately 

em i s  merely a cons t an t  times the   eddy   v i scos i ty   Fo r  

gaseous  components i n   b i n a r y   m i x i n g ,   t h e  values cf N most 

f r e q u e n t l y   c i t e d   v a r y   b e t w e e n  0.5 and 1.2. In t h e   p r e s e n t  work, 

=V 

sc., t 

N i s  cons idered  as a parameter  and r e t a i n e d   c o n s t a n t   i n   t h e  sc, t 

en t i r e   mix ing   r eg ton .   Us ing   su i t ab le   va lues   fo r  

y i e l d s   t h e   v a l u e s   f o r  f rom  ca l cu la t ed  v a h e s  of Q 

N S c , t  t hen  

‘m V 

I 

Thi.s completes   the  formulat ion  of   the  bound.ary value 

prob1.e.m. The s o l u t i o n  i s  obta ined   by  a f in . i t e   d i . f f e renc . e  method 

developed  in   Ref .  L The r e s u l t s  are p resen ted  and  discussed i n  

t he   nex t   chap te r .  
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CHAPTER 4 

RESULTS AND DISCUSSION 

4.1 I n t r o d u c t i o n  

The a n a l y s i s   p r e s e n t e d  in Chapter 2 ,  toge ther   wi th   the   eddy 

v iscos i ty   formula t ion   proposed   in   Chapter  3 ,  is  u s e d   t o   o b t a i n   t h e  

f l o w   f i e l d   i n  a conf ined   tu rbulen t   he te rogeneous   j e t   mix ing   sys tem.  

The  experimental   data   of   Lei them,  Kulik  and  Weinstein  were  used  to  

c o r r e l a t e   t h e   p r e s e n t   a n a l y t i c a l   r e s u l t s  a n d   t h e r e b y   a r r i v e   a t  

a p p r o p r i a t e   v a l u e s  of t he   pa rame te r s  i n  t h e   e x p r e s s i o n   f o r  0. 

S i n c e   t h e   a n a l y s i s   u s e s   t h e   b o u n d a r y   l a y e r   e q u a t i o n s ,   c o r r e l a t i o n s  

were made on ly   fo r   t he   ca ses   where  U2/Ul and p1/p2 had  values  

such   tha t   the   f low may be   adequate ly   descr ibed   by   the   tu rbulen t  

boundary   l ayer   equa t ions .   Accord ingly ,   four   conf igura t ions   o f  

conf ined  j e t  mixing were i n v e s t i g a t e d .   T h e   v a l u e s  of t h e   p a r a -  

meters   for   these  four   cases   are   summarized  in   Table  I. 

2 

It may be   appropr i a t e  a t  t h i s   s t a g e   t o   r e f l e c t   b r i e f l y  

upon the   va l id i ty   o f   t he   boundary   l aye r   equa t ions   fo r   con f ined  

mix ing   s tud ie s .   Compar i son   o f   t he   l amina r   ana lys i s   w i th   t he   con-  

c e n t r a t i o n   d a t a   o f  Wood'' i s  shown i n   F i g .  3 .  The  experimental  

measurements  were made for   an   e thylene-n i t rogen   sys tem 

(p1/p2 = 1.0) w i t h  U2/U1 = 1,18 and R1/R = 0.563. 
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Table I 

Confined Je t  Flow  Systems 
* 

. .~ -~ ." .. " "  - ~~ - - ". -. - " 

Case '2"l '1/'2 R1'R u2p2/u1p1  NRe,2 /N R e , l   N S c , t  
- _ _  - - ~ _ _ _  - -. "" . ". ---=.- 

I 4.9 4.2 0.46 1 666 0.915 0.7 

I1 9.5 4.2 0.46 2.260 1.762 0.7 

I11 13.8 4.2 0.46 3.290 2.570 0.7 

I V  5.8 1.0 0.46 5.800 6.700 1.0 

Also ,   the   non-d imens iona l   cen ter l ine   ve loc i ty  is  compared 

(F ig .   4 )   wi th   the   cor responding   so lu t ion42 of the  Navier  Stokes 

equa t ions   fo r   t he  homogeneous cases   w i th  R1/R = 0.563  and 

u2/u1 = 4-0,  3.0  and 2.0 A s  seen  f rom  Fig.   4 ,   the   deviat ion 

between  the two s o l u t i o n s  i s  l i m i t e d   t o  a small  downstream 

d i s t ance ;   a l so ,   t he   ag reemen t   improves   a s   t he   ve loc i ty   r a t io  

u 2 / u 1  i s  decreased.  

For   the   f low  condi t ions   in   Table  I ,  the   cons is tency  of 

the  boundary  layer   equat ions was a l so   checked   by   ca lcu la t ing  

the   second  order   der iva t ives  of t h e   a x i a l   v e l o c i t y  v and the  

mass f r a c t i o n  u) The a x i a l   d e r i v a t i v e s   w e r e   a t   l e a s t   t h r e e  

z 

1" 

* N R e , l  aFd N R ~ , ~  are   based on the   molecular   v i scos i ty   for   Freon  
and a i r   r e s p e c t i v e l y ,   s i n c e   t h e   e x p e r i m e n t a l   d a t a  were  taken 
wi th  a Freon-air   system  for   the  heterogeneous  cases  and wi th  
an a i r - a i r   s y s t e m   f o r   t h e  homogeneous case .  

42 
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- orders   o f   magni tude   smal le r   than   the   cor responding   t ransverse   der iva t ives .  

Also,  t h e   r a d i a l   v e l o c i t y   p r o f i l e s  showed o n l y  a l o w  n e t   r a d i a l  flow. 

Simi la r   checks  were used  by  Weinstein  and Todd43 i n   o r d e r  t o  show the 

cons is tency   of   the   boundary   l ayer   equa t ions   for   l aminar   unconf ined  mix- 

i n g   o f   s t r e a m s   w i t h   v e l o c i t y   r a t i o  U2/Ul = 100 a n d   d e n s i t y   r a t i o  

p1/p2 = 100 which   cor respond  to  U p /U p = 1. It must  be  mentioned 

h e r e   t h a t ,   f o r  a g i v e n   r a d i u s   r a t i o  R1/R, a s   t h e  mass f l u x   r a t i o  

U p /U p i n c r e a s e s ,   t h e   r a d i a l   v e l o c i t i e s   i n   t h e   i n i t i a l   r e g i o n   i n c r e a s e .  

2 2  1 1  

2 2  1 1  

For  Case IV wi th  U p /U p = 5.8,  t h e   r a d i a l   v e l o c i t i e s   a p p r o a c h   t h e  

same order   of   magni tude as t h e  a x i a l  v e l o c i t i e s ,  so t h a t   C a s e  I V  i s  

2 2  1 1  

approximate ly   the  l i m i t  o f   the   range  of v a l i d i t y   o f   t h e   p r e s e n t   a n a l y s i s .  

B e f o r e   d i s c u s s i n g   t h e   r e s u l t s   p r e s e n t e d ,  it m u s t  be   ment ioned  that  

a t t e m p t s . w e r e   a l s o  made to   ana lyse   t he   p re sen t   p rob lem  us ing   T ing   and  

L ibby ' s   exp res s ion   fo r   eddy   v i scos i ty ,   Equa t ion  (31 ) ,  a s  w e l l  a s  

A lp in i e r i ' s   fo rmula t ion ,   Equa t ion  ( 3 0 )  f o r  cv. It  was  found t h a t   t h e  

ha I f   r a d i u s  a p p e a r i n g   i n   t h e s e   e x p r e s s i o n s   f o r  E behaves 

q u i t e   d i f f e r e n t l y   f o r   c o n f i n e d   m i x i n g   u n d e r   t h e   p r e s e n t   f l o w   c o n d i t i o n s  

'1/2 V 

(U2 > Ul; R l  0 . 5 R )  a s  compared t o   f r e e  j e t  mixing  with Ul > U 

I n   f a c t ,   t h e   c o n v e n t i o n a l   d e f i n i t i o n  of t h e   h a l f - r a d i u s   y i e l d s  

= 0 beyond a c e r t a i n   a x i a l   d i s t a n c e  z ,  so tha t   Equa t ions  (30) and (31) 

2 '  

5 / 2  

p r e d i c t  E = 0 for   the   reg ion   downst ream  of   th i s   va lue   o f  z .  T h i s  

behavior   of  r which may be   due   t o   t he   g loba l   con t inuLty   o f   t he  

f low  and   t he   e f f ec t  o f  the   boundary   l ayer   deve loping   a t   the   conf in ing   wal l s ,  

V 

1/2  

r a i se s  t h e   q u e s t i o n   o f   t h e   v a l i d i t y   o f   u s i n g  r i n   t h e  eddy v i s c o s i t y  
1 / 2  

44 



models   for   confined j e t  mixing. An a l t e r n a t e   m e a s u r e  of t h e  j e t  

width,   as  for  example  one  based on t h e  mass f r a c t i o n   r a t h e r   t h a n  

v e l o c i t i e s ,  may perhaps   be   used   more   adequate ly   in   p lace   o f   the  

h a l f   r a d i u s   i n   E q u a t i o n s  (30 )  and ( 3 1 ) .  1/2 

F u r t h e r   e f f o r t s  were d i r e c t e d   t o   a n a l y s e   t h e   p r e s e n t  

problem  using  only  the  proposed model f o r   t h e  eddy v i s c o s i t y ,  

Equation ( 3 2 ) .  This   model ,   wi th   cons tan t  u was  used  success- 

f u l l y  by Ennnons20 t o   c o r r e l a t e   h i s   a n a l y s i s   w i t h   t h e   e x p e r i m e n t a l  

d a t a  o f   S h a p i r o   a n d   F o r s t a l l   i n   t h e   s i m i l a r i t y   r e g i o n  of a homo- 32 

geneous  mixing  system  with R1/R = 1 / 1 6  and U2/U,  between 0.2 

and 0.75. In   the   p resent   ana lys i s   o f   he te rogeneous   mix ing   con-  

f i g u r a t i o n s ,   w i t h  Rl /R = 0 - 4 6  and U2 > U 0 .  i s  a r a d i a l l y  1' 

varying  non-dimensional  parameter.   The  idea  of  varying  the 

e m p i r i c a l   c o n s t a n t   i n   a n   e d d y   v i s c o s i t y  model  was a l so   used  by 

Donaldson  and  Gray i n   t h e i r   i n v e s t i g a t i o n   o f   u n c o n f i n e d   h e t e r o -  44 

geneous   mix ing   of   compress ib le   s t reams.   S ta r t ing   wi th   Prandt l ' s  

c lass ica l   model ,   Equat ion  ( 2 6 ) ,  for   cons tan t   dens i ty   mix ing ,  

Donaldson  and  Gray  used a con t inuous ly   va ry ing  k i n   o r d e r   t o  

c o r r e l a t e   t h e i r   a n a l y s i s   w i t h   e x p e r i m e n t a l   d a t a .  

4.2 D i s c u s s i o n   o f   P r e s e n t   R e s u l t s  

F i g u r e s  5 through 8 show the  comparison of t h e   v e l o c i t y  and 

t h e   d e n s i t y   p r o f i l e s   o f   t h e   p r e s e n t   r e s u l t s   w i t h   e x p e r i m e n t a l   d a t a  

f o r   t h e   f o u r   c a s e s   l i s t e d   i n   T a b l e  I. F o r   t h e  homogeneous  Case IV 

wi th  p1/p2 = 1.0, t h e   d e n s i t y   p r o f i l e s   a r e   n o t   p r e s e n t e d   b e c a u s e  

II I I 
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FIGURE 5 continued. COMPARISON OF VELOCITY  AND  DENSITY  PROFILES  WITH  EXPERIMENTAL  DATA  OF  REFERENCE 2, CASE 1 .  
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t h e   d e n s i t y   i n   t h i s   c a s e  i s  everywhere  uniform.   The  veloci ty  

p r o f i l e s   u s e d  a t  t h e   i n l e t   s e c t i o n  z = 0 were those   ob ta ined   i n  

the   exper iments .  It must   be   no ted   here   tha t   ca lcu la t ion  of mass 

f low r a t e  u s i n g   t h e   e x p e r i m e n t a l   v e l o c i t y   a n d   d e n s i t y   p r o f i l e s  

showed t h a t   t h e   t o t a l  mass flow r a t e  in   each   case   var ied   by   about  

10 t o  15 p e r c e n t   i n  the i n i t i a l   r e g i o n .  

T h e   r e s u l t s  are  presented   for   severa l   downst ream  d is tances ,  

and w i t h  r e f e r e n c e s  

It can  be  seen  f rom 

r a t i o  u2/U1 l e a d s  

t o   F i g .  1, they  a re  f o r   t h e   i n i t i a l   r e g i o n .  

these r e s u l t s  t h a t   a n   i n c r e a s e   i n   t h e   v e l o c i t y  

t o   f a s t e r   m i x i n g  and  development o f  the   f low.  

S i m i l a r   e f f e c t  i s  a l s o   o b s e r v e d   a s  p1/p2 i s  reduced  from 4 . 2  i n  

Case I t o  pl/p2 = 1.0 i n   C a s e  I V .  T h e   r a t i o s  u p 1  and P1/P2 

were v a r i e d   b y   e s s e n t i a l l y   v a r y i n g  U1 and p1 r e s p e c t i v e l y .  

In   t he   conf ined   t u rbu len t   mix ing   p rocess ,   t he   s t a t i c   p re s su re  

i s  expec ted   to   increase   wi th   downst ream  d is tance  z .  Also,  t he  

v i s c o u s   e f f e c t s   a t  the conf in ing   wa l l   cause  a decrease   in   the  

p re s su re  w i t 1 1  i n c r e a s i n g   a x i a l   d i s t a n c e  z .  The r e s u l t  i s  a 

n e g a t i v e   o r  a pos i t i ve   ax ia l   p re s su re   g rad ien t   dp /dz   depend ing  

o n   w h e t h e r   t h e   v l s c o u s   e f f e c t s   a t   t h e   w a l l   d o m i n a t e   o r   t h e   e f f e c t s  

o f   t he   mix ing   p rocess   a r e  more  predominant.   The  variation  of  the 

no rma l i zed   ax ia l   p re s su re   g rad ien t  i s  p r e s e n t e d   i n   F i g .  9 f o r   t h e  

f o u r   c a s e s   i n v e s t i g a t e d .  The a x i a l   p r e s s u r e   g r a d i e n t   d p / d z   i n  

each   case   has   been   normal ized   wi th   respec t   to  i t s  corresponding 

va lue   fo r   fu l ly   deve loped   t u rbu len t   p ipe   f l ow.   Nega t ive   va lues   o f  

n o r m a l i z e d   p r e s s u r e   g r a d i e n t   i n d i c a t e   p o s i t i v e   v a l u e s  of  t h e   a c t u a l  

p re s su re   g rad ien t   dp /dz   s ince   t he   no rma l i z ing   va lue   o f   t he  

61 
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p r e s s u r e   g r a d i e n t  i s  negat ive.   Thus,  it i s  seen  from  Fig.  9 

. t h a t   p o s i t i v e   p r e s s u r e   g r a d i e n t   p r e v a i l s   i n  all t h e   f o u r .  cases 

s tud ied .  The  magnitude of th i s   adve r se   dp /dz   dec reases   w i th  

d e c r e a s e   i n   t h e   r a t i o  U2p2/U1pl. The  presence  of a p o s i t i v e  

p r e s s u r e   g r a d i e n t   l e a d s   t o  a r e d u c t i o n   o f   t h e  axial v e l o c i t y  

v p a r t i c u l a r l y   n e a r   t h e   c e n t e r l i n e .   T h e   v a l u e   o f   t h e  minimum 
z 

c e n t e r   l i n e  axial v e l o c i t y  v 
ZYC 

d e c r e a s e s   w i t h   i n c r e a s e   i n   t h e  

v e l o c i t y   r a t i o  U2/U1. For some va lue   o f  U /U t h e   a x i a l  2 1’ 

v e l o c i t y  w i l l  app roach   ze ro   and   fu r the r   i nc rease   i n  U2/Ul w i l l  

y i e l d   n e g a t i v e   a x i a l   v e l o c i t i e s .   T h i s  i s  t h e   o n s e t   o f   r e c i r c u -  

l a t i o n  phenomenon where in   t he   en t r a inmen t   capac i ty   o f   t he   f a s t e r  

moving outer   s t ream  exceeds   the  amount o f   f l u i d   s u p p l i e d  by t h e  

low v e l o c i t y   i n n e r  stream. The o u t e r   s t r e a m   t h e n   r e c i r c u l a t e s  

some of i t s  own f l u i d  to meet i t s  entrainment   requirements .  

The p r e s e n t   a n a l y s i s  is no longer   be   va l id   as   the   parameters  

o f   t he   p rob lem  approach   t he   va lues   fo r   wh ich   r ec i r cu la t ion   occu r s .  

It must   be   ment ioned   here   tha t   for   Case  I11 which  has   the maximum 

v e l o c i t y   r a t i o   i n v e s t i g a t e d ,  U /U = 13.8,  t h e  minimum non- 

d i m e n s i o n a l   c e n t e r l i n e   a x i a l   v e l o c i t y  v i s  approximately 

0.04. T h e r e f o r e ,   t h e   l a r g e s t   v a l u e   o f  U2/U1 = 1.3.8 presented  

i n   T a b l e  5 whexe p /p = 4 . 2 ,  i s  approximate ly   the  maximum v e l o c i t y  

r a t i o  U /U f o r   w h i c h   t h e   p r e s e n t   a n a l y s i s  i s  v a l i d .  

2 1  

2 9 1  

1 2  

2 1  

Figure  10 p r e s e n t s   t h e   t y p i c a l   r a d i a l   v a r i a t i o n s  of 

and   pcv   €o r   t he   ca ses   s tud ied .   The   i nc rease   o f   eddy   v i scos i ty  

8 w i t h   a x i a l   d i s t a n c e  z i s  in   con fo rmi ty   w i th   t he   expe r imen ta l  
V 
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r e s u l t s  of Boehman?’ It mus t   be .   r epor t ed   he re   t ha t ,   f o r   t he  

p r e s e n t   a n a l y s i s ,   a t t e m p t s  were a l s o  made t o   r e p l a c e   t h e   v a r i a t i o n  

of 8 wi th  z by an axial  v a r i a t i o n  of the   form z where 

n < 1. This   would   increase   the   va lue  of t h e  eddy v i s c o s i t y  

f o r  z < 1 a n d   d e c r e a s e   i t   f o r  z > 1. The   co r re spond ing   r e su l t s  

obtained  showed.no  improvement, so t h a t   t h e   v a r i a t i o n   o f   w i t h  z 

was r e t a i n e d   a s   i n   E q u a t i o n  (32). However, t h e   a t t e m p t s   t o  u s e  z , 
’ n  < 1, l e a d   t h e   a u t h o r   t o   b e l i e v e   t h a t   b e t t e r   c o r r e l a t i o n  may be 

n 
V 

€V 

n 

ob ta ined   by   sh i f t i ng   t he   c ros s ing   po in t   o f   t he  z , n < 1, curve  

wi th   the  z l i n e   f r o m   t h e   v a l u e  z = 1 t o  some va lue  z < 1. 

(See  sketch shown below.) It may be   wor th   i nves t iga t ing   t he  

a x i a l   v a r i a t i o n  of G i n   t he   fo rm ( z / L ) ~  where n < 1 and 

the   cons t an t  L depends on the  exponent n  and on t h e   v a l u e  of 

z where  the  crossing  point   of   the  ( z / L ) ~  cu rve   w i th   t he  z 

l i n e  i s  d e s i r e d   t o   b e   l o c a t e d .  

n 

1 

V 

1 

z 
n 

, -n) z= 1 

n , n<l  

Z 
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The sharp  decrease  in   the eddy v iscos i ty   va lues  on the   r i gh t   o f   t he  

peak  of  the 6 curves  in   Fig.  10 corresponds to   t he   r eg ion  where t h e  

v e l o c i t y   p r o f i l e s  show  a plateau and  where the  Reynolds stress tends 

towards  zero.  This  sharp  decrease  manifests  itself  through  the  positive 

curvature   of   the  curves   in   th i s   reg ion .  On the   o the r  hand, i n   t h e  

same region,   the  E curve  for  fully  developed  turbulent  pipe  f low i s  

of  negative  curvature.  This  disagreement  should  not  be  surprising  since 

the  eddy viscosi ty   formulat ion  used  in   the  present   analysis  was intended 

f o r   t h e   i n i t i a l  mixing  region  only. It i s  a l so   i n t e re s t ing   t o   no te   t ha t  

the  values  of cv i n   t h e  mixing region  are   very much larger  than  those 

for   s ing le   p ipe   f low.   In   F ig .  10, t he  curves  for  the  region between 

r / R 1  = 2.00 and the   wa l l   a r e   no t  shown, s ince  the  values   there   are   very 

small compared t o   t h e  peak values.  

V 

€V 

V 

€V 

The dynamic eddy v i scos i ty  p~ i s  found t o  be a r e l a t i v e l y  weak 
V 

function  of  the  transverse  coordinate r ,  so t h a t  pcv may be  considered 

t o  depend only on the   ax ia l   d i s tance   z .   This  was also  observed by 

A l ~ i n i e r i ~ ~   t o  be   t rue   for   the   cor re la t ion   o f   h i s   ana lys i s   wi th   h i s  

experimental   data  for a carbon  dioxide-air  system  and a hydrogen-air 

system  with R /R = 0.25 and U1/U2 between 0.47 and 1.25.  It must be 

noted  here   that ,   in   the  governing  different ia l   equat ions  presented  in  

Chapter 2 ,  the   coef f ic ien ts   o f   the   molecular   v i scos i ty  p and the  molecu- 

l a r   d i f f u s i v i t y  D L 2  were wr i t ten   separa te ly  from the eddy v i scos i ty  P E  

and the eddy d i f f u s i v i t y  pc respectively.   Therefore,   the eddy v i scos i ty  

E and the eddy d i f f u s i v i t y  c must approach  zero a t   t h e   w a l l .  To c i r -  

cumvent th . i s   s i tua t ion   the  sum of (p + p~ ) was replaced by an  equivalent 

t o t a l  of P E  and (D12 + cm)  was replaced by peV/NSc, t .  Consequently, 

the  eddy v i s c o s i t y  was required  to   decrease  to   the  molecular   viscos-  

i ty   va lue   near   the   wal l .  The corresponding  value  required  for o was 

1 

V 

m y  

V m 

V 

V 

€V 



obtained by using a different  value A; in  the  region  near  the  wall   for 

the  coeff ic ient  A1 of  the  exponential  cosine  function. Matching the 

values  of CJ near  the jet  interface r /R1  = 1.0 yields  the  following 

expression  for CJ fo r  r /R1 > 1.0. 

for  1 < - < -  r R  

R1 - R1 
(35) 

Thus, the non-dimensional  parameter 0 appearing  in  Equation (32) for   the  

eddy viscosi ty  E i s  given by Equation  (33) fo r  0 5 5 1 and by 

Equation (35) for 1 < - < R. The values  of  the  parameters  in  these 

expressions  for cr are  obtained from the  correlat ions  for   the  four   cases  

r 
V Y  

r 1 

R1 - R1 

o f  Table 1 and a re  shown in  Fig.  11. The variation  of  these  parameters  with 

mass f l u x   r a t i o  U2p2/U1p1 leads  to  the  following  interesting  interpretation 

for  the  expression used for O .  The constant  part A2 of U, may be  con- 

sidered  to  correspond  to  unconfined  mixing,  whereas  the  variable  part  of o 

accounts  for  the  confined  mixing. A s  the   ve loc i ty   ra t io  U2/Ul  increases, 

but  remains  below the  value  for wllich reci.rculation  occurs, t h e  e f fec t  of 

the   var iab le   par t   in  u diminishes and the  constant  part A 2  dominates and 

approaches  the  value  of 1 2  es tabl ished  for   f ree  j e t  mixing w i t 1 1  a quiescent 

atmosphere. 

From Equation  (33) and the  results  presented  in  Fig.  11, i t  i s  a l s o  

seen  that  the  presence  of a  moving skondary  stream  requires a larger  mean 

value of O .  This  result   for  confined mixing i s  in  accordance  with  Korst's 

experimental   results  for two-dimensional f r e e  mixing.  Further,  as  the  veloc- 

40 

i t y   r a t i o  U2/U1 increases   o r   the   dens i ty   ra t io  p1/p2 decreases,  the mean 

value  of o decreases.  Similar  conclusions have  been also  obtained from 

the  experiments of  Baker and W e i n ~ t e . i n ~ ~  and Korst. 40 
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A s  seen  f rom  Table  I, t h e   r a d i u s   r a t i o  R /R i s  e q u a l   t o  0.46 f o r  1 

t h e   f o u r  cases s tud ied .   The re fo re ,  i t  mus t   be   no ted   t ha t   t he   p re sen t  

f o r m u l a t i o n   f o r  a h a s   b e e n   c h e c k e d   t o   b e   a p p r o p r i a t e   f o r   c o n f i n e d  j e t  

m i x i n g   w i t h   t h i s   r a d i u s   r a t i o   o n l y .  

A s  mentioned i n   S e c t i o n  3 . 4 ,  a c o n s t a n t   v a l u e   o f  0 .7  was u s e d   f o r  

i n   t h e   p r e s e n t   a n a l y s i s .   R e s u l t s  the   tu rbulen t   Schmidt  number 

were a l s o   o b t a i n e d   w i t h  N = 0.6  and NSc, = 0.8. It was found 

t h a t   t h e   r a d i a l   p r o f i l e s   o f   t h e   a x i a l   v e l o c i t i e s  were i n s e n s i t i v e   t o  

t h e s e  small changes  in  the  value  of  the  turbulent  Schmidt  number.  

S i m i l a r   o b s e r v a t i o n s   h a v e   a l s o   b e e n   r e p o r t e d   b y   A l ~ i n i e r i ? ~   I n   t h e  

p r e s e n t   i n v e s t i g a t i o n ,   h o w e v e r ,   t h e   v a r i a t i o n s   i n   t h e   d e n s i t y   p r o f i l e s  

due   to   changes   in  

o the r   t han  0 . 7  have   no t   been   presented .  

NSc , t 

S c , t  

NSc , t were n o t   n e g l i g i b l e .   T h e   r e s u l t s   f o r  N sc, t 

It m u s t   b e   r e c a l l e d   t h a t ,   f o r   t h e   p r e s e n t   s t u d y ,   e x p e r i m e n t a l   d a t a  

w e r e   a v a i l a b l e   i n   t h e   i n i t i a l   r e g i o n   o n l y ;   h e n c e ,   t h e   a n a l y s i s  was 

c o r r e l a t e d   w i t h   e x p e r i m e n t   i n   t h i s   r e g i o n   o n l y .  However, i t  may be 

i n t e r e s t i n g   t o   s e e   t h e   r e s u l t s   o f   t h e   a n a l y s i s  in t h e  main r e g i o n   f a r  

downst ream.   These   a re   p resented   in   F ig .  12  fo r   t he   fou r   ca ses   i nves -  

t i g a t e d .   T h e   c o r r e s p o n d i n g   f u l l y   d e v e l o p e d   t h e o r e t i c a l   v e l o c i t y   p r o f i l e  

f o r   e a c h  case i s  a l s o  shown i n   t h e  same f i g u r e .  Of course,   no  deduc- 

t i o n s  may be made on t h e   b a s i s   o f   t h e s e   r e s u l t s .   E x p e r i m e n t a l   d a t a   i n  

the  main  region  of   confined  mixing  are   needed  in   order   to  make any 

conc lus ive   s t a t emen t s   r ega rd ing   t he   u se   o f   t he   p re sen t   eddy   v i scos i ty  

f o r m u l a t i o n   i n   t h i s   r e g i o n .  
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FIGURE 12 continued. FULLY DEVELOPED AXIAL VELOCITY  PROFILES. 
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CHAPTER 5 

CONCLUSION 

T u r b u l e n t   h e t e r o g e n e o u s   m i x i n g   i n   t h e   i n i t i a l   r e g i o n   o f  

c i r cu la r   ax i symmet r i c  j e t s  has   been   s tud ied .  An i so thermal  

non-reac t ing   b inary   sys tem was considered  and i t  c o n s i s t e d   o f  

a s low  moving  central  j e t  of  a heavy  gas  and a f a s t  moving 

annular   s t ream o f  a l i gh t   gas .   Such  a system i s  c h a r a c t e r i s t i c  

of a g a s   c o r e   n u c l e a r   r o c k e t .   T h e r e f o r e ,   t h e   r e s u l t s   o b t a i n e d  

i n   t h e   p r e s e n t   i n v e s t i g a t i o n   p r o v i d e   u s e f u l   i n f o r m a t i o n   a b o u t  

t he   f l ow phenomena o c c u r r i n g   i n  a gaseous   nuc lear   rocke t .  

The  flow  problem  was  formulated as a boundary  value  problem 

us ing   t he   t u rbu len t   boundary   l aye r   equa t ions .  A phenomenological 

model  was  used f o r   t h e   t u r b u l e n t   k i n e m a t i c   e d d y   v i s c o s i t y  E 

a n d   t h e   e d d y   d i f f u s i v i t y  E was obta ined   theref rom  by   cons ider -  

ing   the   tu rbulen t   Schmidt  number t o   b e  a parameter   o f   the  

problem.  The  solut ion of the  f low  problem  was  obtained  using an 

e x p l i c i t   f . i . n i t e   d i f f e r e n c e   s c h e m e .   T h e   n u m e r i c a l   s t a b i l i t y   o f   t h i s  

scheme w a s   e n s u r e d   b y   s a t i s f y i n g   K a r p l u s '   s t a b i l i t y   c r i t e r i o n .  

V 

m 

NSc, t 

The  phenomenological   model   used  for   the  eddy  viscosi ty  E 
V 

con ta ins   an   empi r i ca l   co r re l a t ing   pa rame te r  o. For  unconfined 

mixing   of   un i form  dens i ty   s t reams,   the   parameter  o has  been 

shown t o   b e   c o n s t a n t   t h r o u g h o u t   t h e   f l o w   f i e l d ,   w i t h  i t s  va lue  

d e p e n d i n g   o n l y   o n   t h e   e n t r a n c e   v e l o c i t y   r a t i o  U2/U1 40 . F o r   t h e  
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present   problem  of   confined  heterogeneous  mixing,   the   parameter  u 

was v a r i e d   r a d i a l l y .   W h i l e   t h e   s h a p e   o f   t h e   r a d i a l   p r o f i l e  of t h i s  

parameter was a r r i v e d  a t  by   cons ide ra t ion  of mixing  as  i t  occurs  

i n   t h e   i n i t i a l   r e g i o n   o f   t h e   f l o w   f i e l d ,  i t s  v a l u e  was determined 

by c o r r e l a t i o n   o f   t h e   a n a l y t i c a l   r e s u l t s   w i t h   a v a i l a b l e   e x p e r i -  

men ta l   da t a   fo r   t he   f l ow  sys t ems   o f   p re sen t   i n t e re s t .   Resu l t s  

were o b t a i n e d   f o r   t h e   f o u r   c o n f i n e d  je t  mixing   conf igura t ions  

l i s t e d   i n   T a b l e  I, Chapter  4 ,  and a r e   c o r r e l a t e d   w i t h   t h e   c o r r e -  

sponding   exper imenta l   da ta   o f   Reference  2 .  T h e s e   c o r r e l a t i o n s  

l e a d   t o   t h e   f o l l o w i n g   c o n c l u s i o n s .  

A s  t h e   v e l o c i t y   r a t i o  U2/Ul i n c r e a s e s ,   o r   t h e   d e n s i t y  

r a t i o  p1/p2 decreases ,   mix ing   becomes   fas te r ,   thereby   lead ing  

t o   t h e   p r e s e n c e   o f   p o s i t i v e   a x i a l   p r e s s u r e   g r a d i e n t   d p / d z   i n  

t he   i n i t i a l   mix ing   r eg ion .   The   magn i tude   o f   t he   pos i t i ve   p re s su re  

g r a d i e n t   d p / d z   i n c r e a s e s   w i t h   i n c r e a s e   i n   t h e   v e l o c i t y   r a t i o  

u2/u1 o r   d e c r e a s e   i n   t h e   d e n s i t y   r a t i o  p1/p2.  

For   t he   r ange  of p a r a m e t e r s   i n v e s t i g a t e d ,  a p o s s i b l e  

f o r m u l a t i o n   o f   t h e   k i n e m a t i c   e d d y   v i s c o s i t y   c o e f f i c i e n t  is  

g iven  by Equat ion  (32) ,  where   t he   co r re l a t ing   pa rame te r  u i s  

€V 

t h e  sum of a cons t an t   quan t i ty   and  a r a d i a l l y   v a r y i n g   q u a n t i t y .  

A s  t h e   v e l o c i t y   r a t i o  U2/Ul i n c r e a s e s ,   o r   t h e   d e n s i t y   r a t i o  

p1/p2 d e c r e a s e s ,   t h e   r a d i a l l y   v a r y i n g   p a r t   i n   t h e   p a r a m e t e r  0 

d imin i shes   and   t he   cons t an t  p a r t  dominates.   The  use  of  such 

r a d i a l   v a r i a t i o n  of the  parameter  cr and t h e   s a t i s f a c t o r y   c o r r e -  

l a t i o n s   t h e r e b y   o b t a i n e d ,  show t h a t   f o r   c o n f i n e d   h e t e r o g e n e o u s  



mixing ,   the   k inemat ic   eddy   v i scos i ty  varies s i g n i f i c a n t l y  

i n   t h e   t r a n s v e r s e   d i r e c t i o n .   N e v e r t h e l e s s ,   t h e  dynamic  eddy 

v i s c o s i t y   p s v   d o e s   n o t   e x h i b i t   s t r o n g   r a d i a l   v a r i a t i o n .   S i m i l a r  

observa t ions   have   a l so   been   repor ted   in   References  33 and 47. 

=V 

The  turbulent  Schmidt number = 0.7 was used NSc, t 

th roughou t   t he   ana lys i s   ( excep t   fo r   t he  homogeneous case ,   w i th  

P1 - P2'  where NSc, t 
- = 1.0). Resu l t s   ob ta ined   w i th  N = 0.6 s c ,  t 

and 0.8 showed t h a t  a small v a r i a t i o n  of   the  turbulent   Schmidt  

number causes  no s i g n i f i c a n t   c h a n g e s   i n   t h e   v e l o c i t y  

p ro f i l e s ,   a l t hough   t he   co r re spond ing   changes   i n   t he   dens i ty   nea r  

NSc, t 

t h e  j e t  axis a r e   n o t   n e g l i g i b l e .  

F i n a l l y ,  i t  must   be  ment ioned  that   experimental   data  were 

a v a i l a b l e   o n l y   f o r  a l i m i t e d  number of j e t  mixing   conf igura t ions  

wi th   pa rame te r s   hav ing   va lues   w i th in   t he   r ange   o f   p re sen t   i n t e re s t .  

For   example,   as   seen  in   Table  I, d a t a  were a v a i l a b l e   f o r   r a d i u s  

r a t i o s  R /R = 0.46 o n l y .   I f   t h e   e x p e r i m e n t a l   d a t a   w i t h   d i f f e r -  

e n t  r a d i u s   r a t i o s  were a v a i l a b l e ,   c o r r e l a t i o n   w i t h   t h e   a n a l y s i s  

1 

would  enable   the  constant  and the   vary ing   parameters   compr is ing  

0 t o   be   cha rac t e r i zed   i n   t e rms   o f  some su i t ab le   g roup ing   o f  

t h e   r a t i o s  U2/U1, p1/p2, and R1/R. Add i t iona l   expe r imen ta l  

r e s u l t s  are necessa ry  in o r d e r   t o   e x p l o r e   f u r t h e r   t h e   v e r s a t i l i t y  

of the   ana lys i s   deve loped ,   as  w e l l  a s   t o   s u b s t a n t i a t e   t h e   c o n -  

c l u s i o n s   o b t a i n e d   i n   t h e   p r e s e n t   i n v e s t i g a t i o n .  
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